
ON THE KUMMER CONSTRUCTION

MARCO ANDREATTA AND JAROS LAW A. WIŚNIEWSKI

Abstract. We discuss a generalization of the Kummer construction. Namely
an integral representation of a finite group produces an action on an abelian

variety and, via a crepant resolution of the quotient, this gives rise to a higher
dimensional variety with trivial canonical class and first cohomology. We use

virtual Poincaré polynomials with coefficients in a ring of representations and

McKay correspondence to compute cohomology of such Kummer varieties.

1. Introduction

Kummer surfaces are constructed in a two step process: (1) divide an abelian surface
by an action of an involution, (2) resolve singularities of the quotient, which arise
from the fixed points of the action, by blowing them up to (−2)-curves. The result
of this process is a K3 surface, this is because the group action kills the fundamental
group of the abelian surface and preserves the canonical form, and also because the
resolution is crepant. The invariants of this surface can be computed by looking
at the invariants of the involution and the contribution of the resolution. This
construction is classical, see [Kum75] or [BPVdV84].
It is natural to ask about a generalization of the above procedure. This involves
dividing an abelian variety by an action of a finite group. Our set up is as follows:

• G is a finite group with an irreducible integral representation ρZ : G →
GL(r,Z) whose fixed point set is {0},
• A is a complex abelian variety of dimension d, with neutral element, addi-

tion and substraction denoted by 0, ±; note that the construction can be
carried over starting with a compact complex torus as well. If d is odd we
assume additionally det(ρZ) = 1, that is ρZ : G→ SL(r,Z).

The first step of the generalized Kummer construction is achieved by the induced
action

(1.1) ρA = ρZ ⊗Z A : G −→ Aut(Ar)
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Research of the first author was supported by grants of Italian Mur-PRIN. Research of the

second author was financed by a grant of Polish MNiSzW (N N201 2653 33). Moreover, the second

author thanks University of Trento for supporting his visits. Both authors thank the MSRI in
Berkeley for hospitality during the last revision of the paper. Many thanks to Andrzej Weber for
discussions.

1



2 MARCO ANDREATTA AND JAROS LAW A. WIŚNIEWSKI

which is obtained by identification Ar = Zr ⊗Z A. In other words, G acts on
Ar with integral matrices coming from the representation ρZ and we consider the
quotient Y := Ar/G.
If a crepant resolution of Y exists, X → Y , we obtain a manifold X of dimension
rd with KX ∼ 0 and H1(X,C) = 0, as in the original Kummer construction. The
former comes from our assumptions regarding both the action and the resolution.
The latter follows because H1(Ar/G,C) = H1(Ar,C)G = (C2rd)G is trivial by our
assumptions and the crepant resolution of Ar/G does not change first cohomology,
as one can see using for instance the Leray spectral sequence and the rationality of
quotient singularities.

Computing higher cohomology of X in general is a hard task and we need the
following extra properties of the (crepant) resolution. Let a be the tangent space of
A at identity (or at any point p), i.e. the Lie algebra of holomorphic vector fields
tangent to A. The induced action ρa = ρZ ⊗Z a : G → GL(ar), which splits into
d copies of complexified representation ρC = ρZ ⊗Z C, is the tangent action. For
any point p ∈ Ar with non trivial isotropy group Gp the action ρa|Gp

= d · ρC|Gp

is a representation of TpAr ' Cdr. In analytic or étale topology the action of Gp
around p is equivalent to the action ρa|Gp

in a neighborhood of 0 in TpA
r ' Cdr.

For more details on the notation see the next section.
We will assume that:
a) Over the set of points of Ar/G which represent orbits with the same isotropy
the resolution is a locally product (see the definition 3.4).
b) McKay correspondence holds for the crepant resolutions of a quotient singularity
Crd/Gp; that is there exists a canonical relation between the conjugacy classes of
elements in H = Gp and the cohomology of the crepant resolution (see e.g. [Rei02],
[BM94], [GK04]).

By standard group action arguments we will have a description of the action of G
on the set of points with the same isotropy (see 3.5); then we will glue these local
resolutions to a global projective resolution X → Y = Ar/G. This step may be
non-obvious in case when the singular points are non-isolated and their resolution is
not obtained in a canonical way; here we impose the assumption that the resolution
is a locally product. Under the above assumptions, at the end of this procedure,
we obtain a general formula to compute the Poincaré polynomial PX(t) of X, that
is the Betti numbers of X, as summarized in 3.9.

In the second part of the paper we consider some examples which satisfy our as-
sumptions. In particular in section 4 we start with d = 1, i.e. A is an elliptic curve,
and we apply the construction to some representations in SL(2,Z) and in SL(3,Z).
We compute in these cases, with our procedure, the cohomolgy of the resulting
Kummer surfaces and Calabi Yau threefolds. A paper by Maria Donten [Don08]
provides a complete classification of Kummer 3-folds.
In section 5 we take d = 2, i.e an abelian surface, and we consider the standard
representation of the symmetric group Sn in SL(n−1,Z); in this case the Kummer
construction will produce the so called generalized Kummer manifolds, Kum(n−1),
introduced by Beauville and Fujiki (see [Bea83]) and whose cohomology was al-
ready computed by Göttsche and others (see [Göt94]). We explain how to compute
cohomology with our methods in this case and we do explicit computation for the



ON THE KUMMER CONSTRUCTION 3

case n = 4, i.e. X is a 6-dimensional Kummer manifold (a computation for the
case n = 3 is done in the last section).
Finally in section 6 we consider a 4-dimensional abelian variety A and we prescribe
the action of G only on the tangent space at the unit, i.e we fix the complex
representation ρC : G → GL(a) and we do not ask a priori that it comes from
an integral representation ρZ. Moreover we consider three special types of groups
and representations coming from a recent theorem which characterizes a class of
symplectic singularities admitting a (local) symplectic resolution: see section 2.3
where the results in [Bel07] and also in [GK04], [LS08] are summarized. We apply
the Kummer construction in this context and in one case we prove it can not lead
to a global crepant resolution.

2. Notation and preliminaries

Throughout the paper we will use the set up introduced above: G is a finite group
with representation ρZ in GL(r,Z); any extension of ρ will be denoted by a sub-
script, i.e. ρC denotes extension of ρ over C. Sometimes we will skip the subscript
if the context is clear. Next, A is a complex abelian variety of dimension d and G
acts on Ar via ρA. By Y = Ar/G or Ar/ρA we will denote the quotient, which we
understand as the space of orbits of the action ρA and by πG : Ar → Ar/G the
quotient morphism.
Moreover f : X → Y = Ar/G is assumed to be a crepant resolution of the quotient.
That is, X is smooth and projective, f is birational and KX = f∗KY .
We denote by Zn a cyclic group of order n, by Sn the symmetric group in n letters,
or group of permutations of n elements, and by D2n a dihedral group of order 2n,
i.e. semidirect product D2n = Zn o Z2.
For a group element g ∈ G by 〈g〉 we denote the subgroup generated by g. The
normalizer of a subgroup H < G is denoted by NG(H), while WG(H) stands for
the quotient group NG(H)/H. By [H]G we denote the conjugacy class of H in G,
that is the set of subgroups {gHg−1 < G : g ∈ G}. We skip the subscript whenever
the group in which the above objects are defined is clear from the context. The
partially ordered set of conjugacy classes of subgroups of G will be denoted by C(G)
with the partial order denoted by ≺. Recall that the cardinality #[H]G is equal to
the index [G : NG(H)] and for H ′ ∈ [H]G we have WG(H ′) = WG(H), so this group
will be denoted by W ([H]G) and called a Weyl group of H in G. The conjugacy
class of an element h ∈ G is the set [h]G = {ghg−1 : g ∈ G}, note that usually
[〈h〉] 6= [h].
Let G be a group acting on a set B and H < G a subgroup; by BH (or Fix(H))
we denote the subset of points of B fixed by H while BH0 ⊂ BH is the set of
points whose isotropy (or stabilizer) is exactly H. Clearly, BH \ BH0 consists of
points whose isotropy is bigger than H. We will use repeatedly the fact that if
H ′ = gHg−1 then BH

′
= gBH . In particular, the action of G defines an action of

N(H) and of W (H) on BH which is free on BH0 .
Let a be the tangent space of an abelian variety A at identity, i.e. the Lie algebra
of holomorphic vector fields tangent to A, and let exp : a → A be the exponential
map. The induced action ρa = ρZ ⊗Z a : G → GL(ar) splits into d copies of
complexified representation ρC = ρZ ⊗Z C. The representation ρa is called the
tangent action and it is in fact tangent to ρA: for g ∈ G and p ∈ Ar the derivative
of the map ρA(g) : Ar → Ar at p is ρa(g) : TpAr = ar → Tg(p)A

r = ar. Moreover,



4 MARCO ANDREATTA AND JAROS LAW A. WIŚNIEWSKI

if expr : ar → Ar is a natural extension of exp then for every g ∈ G and v ∈ ar

expr(ρa(g)(v)) = ρA(g)(expr(v))

Let p ∈ Ar be a point with non-trivial isotropy (or stabilizer) group Gp. In analytic
or étale topology the action of Gp around p is equivalent to the induced action
ρa|Gp

= d · ρC|Gp
in a neighborhood of 0 in TpA

r ' Cdr; this is because ρa|Gp
is

just the tangent action of Gp at the tangent space TpA.
More generally if we have an endomorphism g : A → A with g(0) = 0 it has an
associated linear analytic representation ηan(g) : Cd → Cd, which is the corre-
sponding analytic endomorphism on the universal covering or the derivative map
at the origin, (see for instance Proposition 1.2.1 in [BL04]). The following is the
well-known (holomorphic) Lefschetz fixed point formula for the case of complex
tori, as for instance on [BL04].

Theorem 2.1. Let g : A→ A be an endomorphism with g(0) = 0 and let ηan(g) :
Cd → Cd as above. The closed analytic subvariety of A consisting of the fixed
point of g, denoted by Fix(g), has dimension equal to the multiplicity of 1 as an
eigenvalue of ηan(g). If it is zero dimensional then |Fix(g)| = |det(1− ηan(g))|2.

2.1. Groups and representations. Integral representations of finite groups are
fairly well understood; in general we will refer to [New72] and [CR62, Ch. XI] or,
for an elementary overview, to [KP02].
For a finite group G we consider the ring R(G) of complex representations of G.
By d · ρ we denote the sum of d copies of the representation ρ while by ρ⊗d and
ρ∧d we denote d-th tensor and, respectively, alternating power of ρ. Complex
representations of rank 1 will be denoted by roots of unity.
We have an additive map µ0 : R(G) → Z which to a representation ρ assigns
the rank of its maximal trivial subrepresentation. If ρZ ∈ GL(r,Z) is an integral
representation of rank r with complexification ρC then r0 = µ0(ρC) is the rank of
the maximal trivial subrepresentation of ρZ as well, c.f. [CR62, Thm. 73.9]. Indeed,
set Λ(ρZ) = {v ∈ Zr : ∀g ∈ G ρZ(g)(v) = v} then Λ(ρZ) is a subgroup of Zr
whose extension to C is the maximal trivial subrepresentation of ρC. Moreover,
we note that Λ(ρZ) is a saturated , i.e. if n · v ∈ Λ(ρZ) then v ∈ Λ(ρZ). Thus
the quotient Zr/Λ(ρZ) has no torsions, ρZ descends to a representation ηZ : G →
GL(Zr/Λ(ρZ)) = GL(r − r0,Z) and we have a G-equivariant exact sequence, with
trivial action on the kernel,

(2.2) 0→ Λ(ρZ) ' Zr0 → Zr → Zr/Λ(ρZ) ' Zr−r0 → 0

We will say that ρZ is a pullback of ηZ.
Let Sr+1 be the symmetric group; a natural representation νZ : Sr+1 → GL(r+1,Z)
is defined by permuting coordinates. That is, for a point (e0, e1, . . . , er) ∈ Zr (the
choice of coordinates will become clear later) and a permutation σ ∈ Sr+1 we set

νZ(σ)(e0, . . . , er) = (eσ(0), . . . , eσ(r))

In other words, νZ(Sr+1) is generated by elementary matrices Eij responsible for
transposing i-th and j-th vectors of the chosen basis. Clearly, (ETij)

−1 = Eij ,
where T denotes transposition of the matrix, so this representation is isomor-
phic to its dual. The natural representation of Sr+1 contains a fixed subspace
e0 = · · · = er and thus, as above in 2.2, νZ is a pull-back of a quotient repre-
sentation ηZ : Sr+1 → GL(r,Z). On the other hand, we have a Sr+1-invariant
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subspace e0 + · · · + er = 0 which defines a representation ρZ : Sr+1 → GL(r,Z)
which we call standard representation. Hence the standard representation, being
the kernel of (e0, . . . , er) 7→ e0 + · · · + er, is dual (as Z-module) to quotient repre-
sentation. In addition, the Sr+1-equivariant composition of inclusion and quotient
Zr ↪→ Zr+1 → Zr makes ρZ a subrepresentation of ηZ with torsion cokernel and
induces an isomorphism for complexifications ρC = ηC which implies splitting of
complex representation νC = 1C + ρC. However, ηZ is not conjugate to ρZ in
GL(r,Z), c.f. [CR62, p. 505].
Let Gr,m := Zrm o Sr be the semidirect product, where Sr acts on Zrm by per-
mutations. We have a natural action of Gr on Cr, namely the group Zrm acts on
Cr diagonally and Sr by permutations of the coordinates. We have a sequence of
quotients

(2.3) Cr −→ (C/Zm)r −→ (C/Zm)r/Sr = Cr/Gr,m.

Let us finally describe a special group, the binary tetrahedral group T , and its
(complex) representations; we follows the description given in [LS08]. T is the
preimage of the symmetric group of a regular tetrahedron, T0, via the natural map
SU(2)→ SO(3). As a subgroup of SU(2) it is generated by the elements

I =
(

i 0
0 −i

)
and τ = −1

2

(
1 + i −1 + i
1 + i 1− i

)
.

It can also be described as the semidirect product Q8 o Z3 of the quaternion group
Q8 = {±1,±I,±J,±K} and the cyclic group of order 3. This group has 7 irre-
ducible complex representations, we are interested in the two dimensional ones.
The standard arising from the embedding T ⊂ SU(2), ρ0, and other two being
ρj := ρ0 ⊗ Cj , for j = 1, 2, where Cj is the 1-dimensional representation given by
the multiplication by a third root of unity εj3. The last two are dual to each other.

2.2. Crepant resolutions. Working with Kummer construction requires the use
of crepant resolutions of quotient Gorenstein singularities. From dimension 4 on
they are far from being understood. The following is a list of references which we
found useful, it is of course not exaustive: [Rei87], [DHZ06], [Rei02] for crepant
resolution of canonical singularities and [GK04], [Fu06] for the symplectic case.
In what follows we will use known facts about resolving 2 dimensional singulari-
ties, for which we refer to [BPVdV84]. We will also use the following elementary
observation about constructing consecutive resolutions.

Lemma 2.4. Consider finite subgroups H < G < SL(n,C), where H /G is a nor-
mal subgroups of G. Let XH → Cn/H be a resolution of the quotient singularities
which is G/H-equivariant. That is, the quotient group G/H acts on Cn/H and
assume that this action lifts up to XH . If XG → XH/(G/H) is a resolution then
the composition with the induced map XG → XH/(G/H) → Cn/G is a resolution
of the quotient singularity. If both intermediate resolutions are crepant then the
resulting resolution is crepant as well.

Finally one of our tools will be McKay correspondence which allows to describe the
structure of a crepant resolution of a quotient singularity in terms of the conjugacy
classes, or representations, of the groups itself, see [Rei02], for an exposition in this
regard, as well as [Kal02], [GK04].
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2.3. Symplectic case. Let G be a finite group with a complex representation
ρC : G→ GL(V ). Then G has a symplectic representation ρ⊕ρ∗ : G→ Sp(V ⊕V ∗),
where ρ∗ is the dual representation: the symplectic form preserved is given by the
identity in V ⊗ V ∗. Moreover if the representation ρC preserves a non degenerate
symmetric 2-form on V then there is a G-equivariant isomorphism V ' V ∗; in this
case therefore 2ρC : G → Sp(V ⊕ V ) is a symplectic representation. A primary
example is the case when G is a Weyl group acting on the lattice of roots of a
simple Lie algebra: the action of G preserves the Killing form (see [Bou68]).
Let ρ : G → Sp(V ) be a complex symplectic representation. The symplectic form
σ on V descends to a symplectic form σ̂ on the regular part of V/G. A proper
morphism f : X → V/G is a symplectic resolution if X is smooth and f∗(σ̂)
extends to a symplectic form on X.
More generally a normal variety Y is called a symplectic variety if its smooth
part admits a holomorphic symplectic form σ whose pull back to any resolution
f : X → Y extends to a holomorphic 2-form on X. If this extended holomorphic
two form is a symplectic form then f is called a symplectic resolution. Note that
if Y is a symplectic variety and f : X → Y is a resolution, then f is symplectic if
and only if it is crepant (see for instance proposition 1.3 in [Fu06]).
Symplectic resolutions are very rare and they have been considered by a number
of people; the following two results give necessary conditions for the existence of a
symplectic resolution for quotient singularities. They were proved in [Ver00] and
[Kal03]; see the sections 3 and 4 of the survey [Fu06] also for appropriate references.

Proposition 2.5. Let X be a smooth irreducible symplectic variety and G a finite
group of symplectic automorphisms on X. Assume that Y = X/G admits a sym-
plectic resolution, then the subvariety F =

⋃
g 6=1 Fix(g) ⊂ X is either empty or of

pure codimension 2 in X. In particular if Y has an isolated symplectic singularity,
then it admits a symplectic resolution only it is of dimension 2.

Proposition 2.6. Let V = C2n and G a finite group of symplectic automorphisms
on V , i.e. ρC : G → Sp(C2n). Assume that Y = V/G admits a symplectic res-
olution, then G is generated by symplectic reflections, i.e. elements g such that
codim(Fix(g)) = 2. In the special case in which ρC = ηC⊕ η∗C : G→ Sp(Cn⊕Cn∗)
is a sum of a complex representation ηC and its dual, then V ⊕V ∗/G has a symplec-
tic resolution if ηC : G→ GL(Cn) is generated by complex reflections (i.e. elements
g such that codim(Fix(g)) = 1)).

Recently the following necessary and sufficient condition has been proved in [GK04]
and [Bel07]; see also [LS08].

Proposition 2.7. Let G be a finite group, ρC : G→ GL(Cn) an irreducible complex
representation and assume that ρC(G) is generated by complex reflections. Then
V ⊕V ∗/G has a symplectic resolution if and only if (G, ρC) is one of the following:
1) Sn+1 and ρC is the standard representation.
2) Gn,m = Znm o Sn and ρC is the natural representation described in the previous
section.
3) Q8 o Z3, the binary tetrahedral group T , n = 2 and ρC is the representation ρ1

described in the previous section.

The first case corresponds to the Weyl groups of type A, namely the Weyl groups
of the Lie algebra an. The second case, for m = 2, corresponds to the Weil groups
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of type B and C (see [Bou68], Chapter VI, Tables I, II and III). Note that in the
first case and in the second when m = 2 the representation is integral.
A local symplectic resolution is obtained in 1) and 2) via Hilbert schemes: namely
for a smooth surface S the Hilbert scheme Hilbn(S) provides a crepant resolution
Hilbn(S) → Symn(S). In 1) consider the null-fiber of the morphism which is the
composition

Hilbn+1(C2)→ Symn+1(C2)→ C2

where s : Symn+1(C2) → C2, is the the summation Σi=0,...,ne
j
i for j = 1, 2; note

that s−1(0) = C2n/Sn.
In 2) consider first a minimal resolution of the Am−1 singularity C2/Zm, namely
Ĉ2/Zm → C2/Zm, and then the composition

Hilbn(Ĉ2/Zm)→ Symn(Ĉ2/Zm)→ Symn(C2/Zm).

An explicit local resolution for the third case has been given recently in [LS08].
The Kummer construction applied to an abelian surface for the group and the rep-
resentation in 1) of Proposition 2.7 gives a generalized Kummer variety Kumn(A),
as constructed by Beauville, see [Bea83] and also [Fuj83]. A global resolution
f : X → Y = An/Sn+1 is obtained, as in the local case, considering the null-
fiber of the composition Hilbn+1(A) → An+1/Sn+1 → A. The first map is the
Hilbert-to-Chow map where the action of Sn+1 on An+1 is by permutation of the
coordinates (e0, . . . , en), the quotient is interpreted as the Chow variety of A; the
second is the summation Σi=0,...,nei .
In the case 2) of Proposition2.7, with m = 2 (the case of integral representation),
the Kummer construction applied to an Abelian surface gives the other series of
symplectic manifolds considered by Beauville, see [Bea83] and also [Fuj83].
Namely the group Zn2 acts on An diagonally so we have a sequence of quotients

(2.8) An −→ (A/Z2)n −→ (A/Z2)n/Sn

and since the first quotient can be desingularized as (Kum1(A))n then the latter
quotient has a natural desingularization asHilbn(Kum1(A)), as follows from lemma
2.4.
In the last section we will prove that a (generalized) Kummer construction in the
case 3) of Proposition 2.7 cannot have a global crepant resolution.

3. Computing cohomology

In this paper we will calculate the De Rham cohomology, or the Betti numbers
bi(X) = dimCH

i(X,C), for some varieties which are the results of Kummer con-
structions in the low dimensional cases.
This is a two step process which consists of: (1) calculating cohomology of Y =
Ar/G and (2) calculating the contribution coming from resolution X → Y .
Recall that one can assign to any complex algebraic variety X, not necessarily
smooth, or compact, or irreducible, a virtual Poincaré polynomial, PX(t), with
the following properties. For a compact manifold X of complex dimension n the
polynomial is defined as the standard Poincaré polynomial

PX(t) =
2n∑
i=0

bi(X) ti ∈ Z[t],
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where t is a formal variable and bi(X) = dimHi
DR(X) are the Betti numbers.

Moreover if Y is a closed algebraic subset of X and U := X \ Y then

PX(t) = PY (t) + PU (t).

For further details we refer to [Ful93, 4.5] and [Tot02, 2]. We remark that the
virtual Poincaré is actually the standard Poincaré polynomial also if X is compact
and has quotient singularities, see [Ful93, p. 94].

3.1. Quotients. Computing cohomology of the quotient is pretty straightforward:
we look at Hi(Ar,C) or Hpq(Ar) on which G acts via representation (2d · ρC)∧i

or (d · ρC)∧p ⊗ (d · ρC)∧q, respectively. Note that ρC = ρC, because ρ is real.
By looking at the identity component of this representation one determines the
dimension of the space of G-invariant forms which subsequently can be used to
get the information about the cohomology of Y = Ar/G, see e.g. [Bre72, Ch. III].
We note that products of representations of finite groups can be calculated in a
standard way by looking at their characters, see e.g. [FH91, Part I].
Given an action of a group G on a variety Z, in order to formulate the result in terms
of Poincaré polynomial, we define a G-Poincaré polynomial, PZ,G(t) ∈ R(G)[t],
whose coefficient at ti is equal to the representation of the induced G-action on the
vector space Hi(Z,C). In particular, in our set-up

(3.1) PAr,G(t) =
2rd∑
i=0

(2d · ρC)∧i · ti;

we will denote this polynomial by (1 + t)2dρ.

Lemma 3.2. For Y = Ar/ρA we have PY (t) = µ0((1+t)2dρ) where µ0 : R(G)[t]→
Z[t] is the reduction of coefficients via µ0 : R(G)→ Z.

3.2. Resolution. For understanding the cohomology of the resolution X → Y we
will write the quotient Y = Ar/G as a disjoint sum of locally closed sets (strata)
Y ([H]) consisting of orbits of points whose isotropy is in the conjugacy class of a
subgroup H < G. The calculation is somehow in the spirit of [HH90]. Over Y ([H])
the singularities of Y will be locally quotients of Crd by action of H. Thus, by taking
inverse images of sets Y ([H]) we will produce a decomposition of X into a disjoint
sum of locally closed sets X([H]) such that the restriction X([H]) → Y ([H]) will
be a locally trivial fiber bundle with a fiber F ([H]) depending on the resolution of
the H-quotient singularity. Now the cohomology of X will be computed by looking
at each of X([H]) and using virtual Poincaré polynomial for each of them.
The set Y ([H]) may be disconnected, as for instance in the case of a Kummer surface
construction. However, as already noted, for every y ∈ Y ([H]) the singularity of Y
in a neighborhood of y is of type Crd/dρC(H). That is, given p ∈ Ar in the orbit
represented by y ∈ Y ([H]) with isotropy Gp = H, there is a map TpA

r/ρa(H) =
ar/ρa(H)→ Y which is an isomorphism of analytic neighborhoods of the 0 orbit and
of y. Indeed, consider evaluation of vector fields at p, that is expp : ar = TpA

r → Ar,
where expp(0) = p; it is H-equivariant and thus it defines a map of quotients
TpA

r/ρa(H) → Ar/ρA(H). Compose it with the natural map of spaces of orbits
πG/H : Ar/H → Ar/G, coming from the inclusion H < G. The first of these
morphism is an isomorphisms of analytic neighborhoods of 0 and p. On the other
hand, we can choose an analytic open neighborhood U of p such that gU = U for
g ∈ H and gU ∩ U = ∅ for g 6∈ H. Thus the orbits of G and H restricted to U
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coincide, that is πG|U = πH|U , for the respective orbit class maps. Hence πG/H
is bijective and, by normality of quotients, an isomorphism over the respective
neighborhoods of πH(p) and y.
By these arguments, there exists an open analytic neighborhood V of πH((Ar)H0 )
such πG/H restricted to V is a local isomorhism onto an open neighborhood of
Y ([H]).
Now let r0 = µ0(ρ|H) be the rank of the maximal trivial subrepresentation of (ρC)|H
so that, as in formula 2.2, (ρZ)|H is a pull-back of ηH : H → SL(rH ,Z) of rank rH ,
with rH +r0 = r, and η has no non-trivial fixed point. Accordingly, after extending
to A, we have a H-equivariant sequence of abelian varieties

(3.3) Ar0 ↪→ Ar −→ ArH

where the action of H on ArH has only a finite number of fixed points. Thus (Ar)H

is a union of (affine) abelian subvarieties of Ar of dimension dr0.
We fix a resolution of the quotient singularity CdrH/dηC with the special (central)
fiber F (H). Then it determines a product resolution of a neighborhood of a com-
ponent of (Ar)H in Ar/H. Indeed, as follows from the preceding discussion, any
such component has a neighborhood isomorphic to a neighborhood of Ar0 ×{0} in
Ar0 ×CdrH/dηC, hence it admits a product resolution. We will consider resolutions
X → Y which are locally product in the following sense.

Definition 3.4. Let f : X → Y = Ar/G be a resolution of singularities. We say
that it is a locally product if for every H < G and every irreducible component
K of Y ([H]) there exists an open analytic neighborhood U ⊂ Y of K such that
the pull-back via πG/H of the resolution f−1(U) → U over an open subset of
Ar/H is analytically equivalent to a product resolution with the special fiber F ([H])
depending only on the conjugacy class of H.

The next result provides a description of both Y ([H]) and X([H]) in terms of (Ar)H0
and the group W (H).

Lemma 3.5. Let f : X → Y = Ar/G be a locally product resolution of singularities.
Then f|X([H]) : X([H]) → Y ([H]) is an étale fiber bundle whose fiber F ([H]) is
isomorphic to the special fiber of a resolution of the quotient singularity CdrH/H.
Moreover, let Y ([H]) ⊂ Y denote the closure of Y ([H]) in Y and Ŷ ([H])→ Y ([H])
be its normalization. Then the following holds

• The action of N(H) determines an action of W (H) on (Ar)H0 and the
morphism (Ar)H0 → Ŷ ([H]) is the quotient by W (H).
• The action of W ([H]) on (Ar)H0 lifts to the product (Ar)H0 ×F ([H]) in such

a way that there is a commutative diagram

(Ar)H0 × F ([H]) //

��

(
(Ar)H0 × F ([H])

)
/W ([H])

��

X([H])oo

��
(Ar)H0

// Ŷ ([H]) Y ([H])oo

where the horizontal arrows on the left hand side are quotient maps while
these on the right hand side are inclusions onto open subsets
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Proof. Take the quotient map Ar → Y = Ar/G ⊃ Y ([H]) and consider inverse
image of Y ([H]). The inverse image decomposes into disjoint sets (Ar)H

′

0 , depending
on the isotropy class H ′ ∈ [H]. The normalizer N(H) acts on the set of points whose
isotropy is H, i.e. (Ar)H0 , and this determines a free action of W (H) on this set
of points. Take factorization of the quotient map πG into Ar → Ar/W (H) →
Ar/G which gives a regular birational map (Ar)H0 /W (H) → Y ([H]). This proves
the central statements of the lemma. The rest follows because of our assumption
regarding the resolution. �

We note that the map (Ar)H0 × F ([H])→ X([H]) usually does not extend, so that
(Ar)H0 × F ([H])/W ([H]) is not the normalization of the closure of X([H]).
We will use the preceding lemma to calculate the Poincaré polynomial of both
Y ([H]) and X([H]). In fact, the following is how one computes the cohomology of
Ŷ ([H]) and (Ar)H0 ×F ([H])/W ([H]). Let K ⊂ Y ([H]) be an irreducible component
whose normalized closure we denote by K̂. Then K̂ ' AK/WK where WK < W (H)
is the subgroup which preserves AK ' Ar0 , a component of the closure of (Ar)H0
which dominates K. Thus, as in 3.1, we can write

(3.6) PAK ,WK
(t) =

2dr0∑
i=0

(2d · ηK)∧i · ti = (1 + t)2dηK

where ηK : WK → GL(rK ,C) is a representation of WK induced from ρC. That
is, the group N(H), and thus W (H), acts on the fixed point space of (ρC)|H , as
in 2.2, hence it yields an action of WK < W (H). Therefore, as in 3.2, we get
P bK = µ0(PAK ,WK

).

Now, recall that the McKay correspondence postulates a canonical relation of con-
jugacy classes of elements in a group H with cohomology or homology of a crepant
resolution of its quotient singularity, see e.g. [Rei02], [BM94], [Kal02] and [GK04].
Thus, if the McKay correspondence holds for the fixed resolution of CrHd/H then
we can use it to understand the action of W (H) on cohomology of (Ar)H0 × F (H).
Indeed, the group W (H) acts on the cohomology of F (H) as W (H) acts on the
conjugacy classes of H. So, in the situation introduced in the previous paragraph,
the WK-Poincaré polynomial PF (H),WK

is determined by the adjoint action of WK

on conjugacy classes of elements in H, which is w([h]H) 7→ [whw−1]H , where
w ∈ N(H) represents an element of W (H) and h ∈ H. Thus, whenever the
representation ρ is fixed, we will simply write PH,WK

instead of PF (H),WK
. We

conclude

(3.7) P(AK×F (H)),WK
= (1 + t)2dηK · PH,WK

However, deriving from it the virtual Poincaré polynomial for X([H]) requires
understanding lower dimensional strata, that is the quotient (AK × F (H))/WK

over the difference Y ([H]) \ Y ([H]). To this end, let H ′ > H be a subgroup
and K ′ ⊂ K an irreducible component of Y ([H ′]). By WK;K′ < WK we denote
the subgroup of WK which preserves K ′. Then, by restricting the representations
we get PH,WK;K′ which is the WK;K′ -polynomial describing the action of WK;K′

of the cohomology of the fiber F (H). On the other hand we have an induced
representation ηK;K′ : WK;K′ → GL(rK′ ,C) and therefore the action of WK;K′



ON THE KUMMER CONSTRUCTION 11

on the cohomology of the torus AK′ ' ArK′ dominating K ′ is described by the
polynomial (1 + t)2dηK;K′ , thus

(3.8) P(AK′×F (H)),WK;K′ = (1 + t)2dηK;K′ · PH,WK;K′

The following statement is a summary of the preceding discussion.

Principle 3.9. Let X be obtained via a Kummer construction as described in the
introduction; i.e. X is a crepant resolution of Ar/G satisfying a) and b) in the
introduction. The Poincaré polynomial PX ∈ Z[t] is described by the following
formula∑
[H]∈C(G)

∑
K⊂Y ([H])

[
µ0

(
(1 + t)2dηK · PH,WK

)
−∑

[H′]�[H]

∑
K′⊂K∩Y ([H′]) aK;K′ · µ0

(
(1 + t)2dηK;K′ · PH,WK;K′

) ]

where K runs through all irreducible components of Y ([H]) and K ′ through all
irreducible components of K ∩Y ([H ′]) and aK;K′ are numbers which depend on the
incidence of the closures of components of the stratification of Y .

The data which appears in the above formula is of two types: (1) depending on
the group G and its complex representation ρC and (2) depending on the integral
conjugacy class of the representation ρZ which determines the geometry of the
quotient Y and its stratification. As it is shown in [Don08], already in dimension
three Kummer constructions with the same ρC can have different ρZ and different
cohomology.

4. Building upon elliptic curves: d = 1

In the present section A denotes an elliptic curve. Quotients of products of elliptic
curves by actions of specific groups have been considered by several people: [PR05],
[CH07], [CS07].

4.1. Special Kummer surfaces: r = 2. Let us start with the following easy
classical case. The classification of rank 2 groups whose action give Gorenstein
singularities, known as Du Val singularities, is very well understood, these are
finite subgroups of SL(2,C), [Dur79]. On the other hand there are only 4 types of
nontrivial subgroups of SL(2,Z), all are cyclic and generated, up to conjugation in
GL(2,Z), by one of the following matrices (cf. [New72, Ch. IX]).

(4.1)
(
−1 0

0 −1

) (
0 −1
1 −1

) (
0 −1
1 0

) (
0 −1
1 1

)
They generate cyclic groups Z2, Z3, Z4 and Z6.

Let us discuss the case of ρZ : Z6 → SL(2,Z). In the following table we list its
subgroups, each of them generated by an element g. For each of them we give
the number of its fixed points and the number of singular points whose isotropy
is exactly the group in question. The latter number is obtained by subtracting
those fixed points whose isotropy is bigger and dividing by the cardinality of the
respective orbit of G, which is the index of the subgroup in question. In the last
two columns we present the Dynkin diagram of the special fiber of the minimal
resolution of the respective singular point and its virtual Poincaré polynomial.
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g # fix pts # sing pts resolution Poincaré(
0 −1
1 1

)
1 1 • • • • • 1 + 5t(

0 −1
1 −1

)
9 4 • • 1 + 2t(

−1 0
0 −1

)
16 5 • 1 + t

On the other hand we note that over the complex number, that is in SL(2,C), the
representation ρ (or, equivalently, the matrix generating the image of ρ) is equal
to diagonal representation ε6 + ε56, where ε6 denotes sixth primitive root of unity.
Thus we compute ρ⊗ ρ = 2 · 1 + ε26 + ε46 hence the space of invariant (1, 1) forms is
of dimension 2. We add to it the contribution of cohomology coming from resolving
singular points of the quotient, as listed above, to get

2 + 1× 5 + 4× 2 + 5× 1 = 20

which is the dimension of H11 for a K3 surface.

4.2. Kummer threefolds: r = 3. Construction of Calabi-Yau threefolds via quo-
tients have been considered in e.g. [CH07], [CS07] as well as in [OS01]. We note,
however, that the last reference concerns dividing abelian varieties by an action of
translations so that the quotient map is étale. As for the linear action, which is used
in the present paper, there is a classical book [New72, Ch. IX] which provides a list
of isomorphisms classes of finite subgroups of SL(3,Z). Donten, [Don08] classifies
noncyclic finite subgroups of SL(3,Z) up to conjugacy in GL(3,Z). The following
proposition summarizes these results.

Proposition 4.2. The following are, up to isomorphism, (non-trivial) finite sub-
groups of SL(3,Z):

• cyclic groups Za, of rank a, for a = 2, 3, 4 and 6,
• dihedral groups D2a, of rank 2a, for a = 2, 3, 4 and 6, which have, respec-

tively, 4, 3, 2 and 1 conjugacy classes in GL(3,Z)
• the alternating group A4 which has 3 conjugacy classes in GL(3,Z) (e.g. the

tetrahedral group of isometries of the tetrahedron),
• the symmetric group S4 which has 3 conjugacy classes in GL(3,Z) (e.g. oc-

tahedral group of isometries of a cube)

Lemma 4.3. For a non-identity matrix M ∈ SL(3,Z) of finite order the fixed point
set of M is of dimension one.

Proof. The eigenvalues of M are roots of unity and their product is 1 and at least
one of them is a real number, hence equal ±1. If λ1 and λ2 are non-real eigenvalues
then, as roots of a degree 3 real polynomial, they are conjugate hence their product
is 1. Thus, one of the eigenvalues is 1 and the eigenspace of 1 is either of dimension
1 or 3. �

In particular the case of cyclic groups is not allowed since we assume that the fixed
point set of G is {0}.
Consider the case of D4 = Z2 × Z2, generated by matrices

A001 =

 −1 0 0
0 −1 0
0 0 1

 A010 =

 −1 0 0
0 1 0
0 0 −1

 A100 =

 1 0 0
0 −1 0
0 0 −1
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In toric terms the quotient map C3 → C3/D4 is given by extending the standard
integral lattice by adding generators (1/2, 1/2, 0), (1/2, 0, 1/2) and, subsequently,
also (0, 1/2, 1/2). It admits two types of resolution. The first one is obtained by
consecutive blow-up of singularities of Z2 actions, as in 2.4, while the second one
is invariant with respect to permutation of coordinates. They differ by a flop. The
picture below presents fans of both of them as of a section of the first octant.
Namely, we present the respective divisions of the standard cone (first octant) with
vertexes (standard basis) denoted by ◦ and the boundary presented by dotted lines.
Next, • denote exceptional divisors of the resolution and solid line segments stand
for the 2 dimensional cones of the resolution.

◦ • ◦

•222222

•



◦

◦ • ◦

•222222

•



◦

We note that the right-hand side resolution is invariant with respect to the action
of permutations of coordinates of the standard cone thus this resolution satisfies
assumptions of lemma 2.4 with respect to D4 /A3 = D4 oZ3 or D4 /S4 = D4 oS3.
Let us note that the resolution of singularities is uniquely defined in codimension
2, hence locally product in the sense of definition 3.4.
Finally note also that in this 3-fold case it is not hard to construct a global crepant
resolution. Namely one first constructs a resolution of the 1-dimensional singular
strata: take an element in the isotropy group of a point in this strata, g, and
consider Fix(g) =

⋃
Ci. Let C0 be the component through the origin of A3; this is

a one dimensional abelian variety which is also a subgroup of A3. Take the quotient
π : A3 → A3/C0 and take the induced action of g on the surface A3/C0: resolve the
singularities of the quotient (A3/C0)/g which are the image of the curves Ci under
π. The lift up of this surface desingularization via π will give a desingularization of
A3/G along the strata Ci. After that one glues the desingularization of the isolated
singularities.

4.3. Cohomology, case of the octahedral group. In this section we discuss,
as an example, the case of the octahedral group which is just a representation of
S4 into SL(3,Z). We note that S4 admits other representations in SL(3,Z) which
are not conjugate in GL(3,Z) to the one which will be considered (the other two
can be found in [Don08]).
The following table summarizes information about singularities of A3/G in codi-
mension 2. In the first column, we write down conjugacy classes of non-trivial
elements g of this group together with equations of their fixed points in A3 with
coordinates (e1, e2, e3) (column 2). In each case, because of lemma 4.3, the fixed
point set is a number of elliptic curves, so in the next column we write the number
of components of the fixed point set. Next, we write the group generated by this
element 〈g〉 together with W (g) := N(〈g〉)/〈g〉. The group W (g) acts on the fixed
point set of g and only in the first case it acts nontrivially on the set of compo-
nents while its action on each component (elliptic curve) is an involution e 7→ −e
hence it has 4 fixed points. Thus, by dividing by action of W (g), we get the set
of singular points of the quotient whose generic points (in each component) have
isotropy 〈g〉, we write it in the next column. In the last column we write the virtual
W (g)-Poincaré polynomial of the fiber of a minimal resolution of the respective
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singularity. The polynomial provides the information about the action of W (g),
that is ε is the representation satisfying ε2 = 1. We note that since the minimal
resolution in case of surfaces is unique any such resolution will be locally product
in the sense of definition 3.4 hence lemma 3.5 can be applied.

g F ix(g) # cmpnts 〈g〉 W (g) Ŷ (〈g〉) Poincaré −1 0 0
0 −1 0
0 0 1

 2e1 = 0
2e2 = 0 16 Z2 Z2 × Z2 6× P1 1 + t2 0 −1 0

1 0 0
0 0 1

 e1 = e2

2e1 = 0 4 Z4 Z2 4× P1 1 + (2 + ε)t2 0 1 0
1 0 0
0 0 −1

 e1 = e2

2e3 = 0 4 Z2 Z2 4× P1 1 + t2 0 0 1
1 0 0
0 1 0

 e1 = e2

e1 = e3
1 Z3 Z2 1× P1 1 + (1 + ε)t2

Note that the components of the fixed point sets listed in the above table meet in
a set {p ∈ A3 : 2p = 0} = {(e1, e2, e3) ∈ A3 : 2e1 = 2e2 = 2e3 = 0} of cardinality
43 = 64 which is where are located points with non-cyclic isotropy groups. We
list them in the subsequent table, together with the virtual Poincaré polynomial of
the fiber of a crepant resolution, which by McKay correspondence is related to the
number of conjugacy classes of the respective group.

subgroup fixed set in {2p = 0} # fixed pts # sing pts Poincaré
D4 e1 6= e2 6= e3 6= e1 24 4 1 + 3t2

3×D8 ei = ej 6= ek, {i, j, k} = {1, 2, 3} 36 12 1 + 4t2

G = S4 e1 = e2 = e3 4 4 1 + 4t2

Now we pass to computing the Poincaré polynomials of the respective strata Y ([H]).
We write our calculation in typewriter type, in the form of code of maxima, [Sch07].
We start with the generic strata, that is Y ([id]). This is obtained by substracting
from the Poincaré polynomial of the quotient A3/S4 which we calculate by looking
at the invariants of the respective representation, as in [FH91, Part I], the singular
locus. The latter consists of 16 copies of P1, each with 4 points removed, and
16 points associated to non-cyclic subgroups. The result is the polynomial of 3
dimensional stratum
S3(t):=1+t^2+4*t^3+t^4+t^6-(15*(1+t^2-4)+20);
Next we consider 1-dimensional strata which are associated to cyclic groups of
type 〈g〉. We use lemma 3.5 and formula 3.7. We have already noted how W (g)
acts on (A3)g0. On the other hand W (g) acts on the cohomology of a fiber of the
resolution as it does on the conjugacy in 〈g〉. Thus, in our case, the only interesting
situation is when 〈g〉 is either Z3 or Z4. In each of these cases we have to look at
the Z2 representation ε, with ε2 = 1 and invariant parts of respective polynomials
(1 + 2εt + t2)(1 + (1 + ε)t2) and (1 + 2εt + t2)(1 + (2 + ε)t2). From the resulting
polynomials one has to subtract the part related to the fixed points of the action
of W (g). The result is as follows. We write the polynomials associated to the
respective cyclic groups Z2, Z3 and Z4:
S12(t):=10*((1+t^2)*(1+t^2)-4*(1+t^2));
S13(t):=((t^4+2*t^3+2*t^2+1)-4*(1+t^2));
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S14(t):=4*((2*t^4+2*t^3+3*t^2+1)-4*(1+2*t^2));
Finally, we consider 0-dimensional strata which, again, we compute using McKay
correspondence:
S0(t):=4*(1+3*t^2)+(12+4)*(1+4*t^2);
Calculating the sum P(t):=S3(t)+S12(t)+S13(t)+S14(t)+S0(t) we get:

Proposition 4.4. The Poincaré polynomial of a crepant resolution of A3/S4, X →
A3/S4, is

PX(t) = t6 + 20 t4 + 14 t3 + 20 t2 + 1.

5. Building upon abelian surfaces: d = 2.

In this section we consider A of dimension 2, i.e. an abelian surface.
We will take the group Sr with the standard representation ρC and the Kummer
construction applied to A will give the series of symplectic manifolds Kum(r−1),
as noted in section 2.3. In particular a global symplectic resolution exists and
McKay correspondence holds. Therefore we can compute the Poincaré polyno-
mial of a crepant resolution of Ar/Sr+1 with our method, i.e. using 3.9. In-
variants of Beauville’s generalized Kummer manifolds have been dealt with by
Göttsche [Göt93], Göttsche and Soergel [GS93], Debarre, [Deb99], Sawon, [Saw04]
and Nieper-Wißkirchen, [NW04], [NW02].
The first step is computing the Poincaré polynomial of the quotient Ar/Sr+1, which
is obtained by calculating the invariant parts of the representation on Λ∗H∗(Ar,C)
which is generated by wedge powers of 4ρC, see 3.2.
Next we are to understand the resolution of singularities of Y = Ar/Sr+1; for this
purpose we split this quotient into strata related to points with a fixed isotropy
group. We recall some standard facts and definitions regarding the group of per-
mutations, see e.g. [JK81]:

• the conjugacy classes of elements in Sn are determined by their decompo-
sition into cycles and are described by partitions of n, that is sequences of
positive integers whose sum is n,
• (abi

i ) = (ab11 , . . . , a
bm
m ), where a1 > · · · > am > 0 and bi are positive integers,

denotes partition consisting of bi copies of ai, so that b1·a1+· · ·+bm·am = n,
• for the partition (abi

i ) = (ab11 , . . . , a
br
r ) define its length equal to b1+· · ·+bm,

in other words this is the length of the sequence of ai’s, each of them
repeated bi times,
• the Poincaré polynomial of Sn is, by definition, PSn(t) =

∑n−1
0 κit

2i, where
κi is the number of partitions of n of length n− i,
• we say that partition (a′i

b′i) divides (or it is a refinement of) partition (abj

j )
if the sequence of a′i’s (with repetitions counted by b′i’s) can be divided into
disjoint sequences whose sums yield aj ’s (with repetitions counted by bj ’s)
• given σ ∈ Sn, whose decomposition into cycles gives partition (abi

i ), it
determines a Young subgroup S(σ) ' S×b1a1

× · · · ×S×bm
am

, [JK81, Sect. 1.3],
the conjugacy class of this group in Sn will be denoted by S(abi

i ).
• N(S(abi

i ))/S(abi
i ) ' Sb1 × · · · × Sbm

, c.f. [JK81, Sect. 4.1]; we denote this
group by W (abi

i ).
Fix coordinates (e0, e1, . . . , er) on Ar+1, with Ar ⊂ Ar+1 defined by equation e0 +
e1+· · ·+er = 0. For a permutation σ such that [σ]Sn

= (abi
i ), we take its fixed point

set (Ar)σ. Decomposition of σ into cycles gives equations of (Ar)σ: for example a
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cycle (0, . . . ,m) yields equations e0 = · · · = em. The same is fixed by the respective
Young group S(σ). On the other hand, each partition defines a closed subset of
the quotient Y = Ar/Sr+1 consisting of orbits of points fixed by the respective
conjugacy class of Sr+1. Inside this set there is a dense subset consisting of orbits
of points whose stabilizer is in the conjugacy class S(abi

i ), we will denote it by
Y (abi

i ) = Y (ab11 . . . abm
m ). In particular Y = Y (1r+1) and the set of fixed points of

Sr+1 is Y ((r + 1)1). By Ŷ (abi
i ) we denote the normalization of the closure Y (abi

i ).

We have the restriction of the quotient map (Ar)σ → Ŷ (abi
i )→ Y (abi

i ).
Sets Y (ab11 . . . abm

m ) determine a stratification of both Y and its resolution X → Y ,
the inverse image of Y (ab11 . . . abm

m ) will be denoted by X(ab11 . . . abm
m ). Below, we

list the facts regarding these sets needed to compute the cohomology of X.

Lemma 5.1. In the above set up the following holds, with [σ]Sn
= (abi

i ):

(1) the number of fixed points, i.e. #Y ((r + 1)1), is equal (r + 1)4 and, more
generally, the number of components of Y (abi

i ) is (GCD(ai))4, where GCD
stands for greatest common divisor,

(2) the sets (Ar)σ and Y (abi
i ) are of pure dimension 2(l− 1), where l is length

of (abi
i ),

(3) the set Y (a′b
′
i
i ) is contained in the closure Y (abj

j ) if and only if partition

(abj

j ) divides (a′b
′
i
i ),

(4) (Ar)σ0 = (Ar)σ and the morphism (Ar)σ → Ŷ (abi
i ) is quotient by W (abi

i ),
(5) the resolution f : X → Y is locally product as in definition 3.4 and we have

the following version of 3.5
◦ the map X(ab11 . . . abm

m ) → Y (ab11 . . . abm
m ) is étale fiber bundle whose

fiber F (ab11 . . . abm
m ) is isomorphic to the product F (a1)×b1×· · ·×F (am)×bm

and has Poincaré polynomial equal to P b1Sa1
· · ·P bm

Sam

◦ the action of W (abi
i ) lifts to the product (Ar)σ×F (abi

i ) with W (abi
i ) '

Sb1 ×· · ·×Sbm
acting on F (abi

i ) ' F (a1)×b1 ×· · ·×F (am)×bm by per-
muting respective factors of the product, that is Sbi

permuting factors
of F (ai)×bi ,

◦ there is a commutative diagram

(Ar)σ × F (abi
i ) //

��

(
(Ar)σ × F (abi

i )
)
/W (abi

i )

��

X(abi
i )oo

��
(Ar)σ //

Ŷ (abi
i ) Y (abi

i )oo

where the horizontal arrows on the left hand side are quotient maps
while these on the right hand side are inclusions onto open subsets

Proof. Most of the above claims follow by explicit calculations and the discussion
preceding lemma. For example, the set of fixed points of the action of Sr+1 is
defined in Ar+1 by equations e0 = · · · = er and e0 + · · · + er = 0 hence can be
identified with these points in A whose (r+ 1)-th multiple is zero. The cohomology
of the special fiber of resolution of Ar/Sr+1, that is of F ((r + 1)1), is known by
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[Kal02]. The case of F ((abi
i )) follows because of the uniqueness result from [FN04].

This yields that the resolution is locally product in the sense of 3.4. �

The above lemma provides us with a general layout for computing cohomology of
a generalized Kummer variety. In the present section we do explicit calculations
of the Poincaré polynomial for the generalized Kummer manifolds of dimension 6
which is a resolution of A3/S4.
Again, the following lines in typewriter type are in the form maxima, [Sch07].
First, we write the Poincaré polynomials of fibers of the resolution over the respec-
tive strata F211(t):=1+t^2; F31(t):=1+t^2+t^4;
F22(t):=(1+t^2)^2; F4(t):=1+t^2+2*t^4+t^6;
Next we write the polynomials for the surface A and its quotient A/Z2 where Z2

acts on A by multiplying by (−1).
A(t):=(1+t)^4; B(t):=1+6*t^2+t^4;
The next line describes cohomology of

(
A× P1 × P1

)
/Z2 where Z2 acts on A as

above while its action on P1×P1 interchanges the factors. In terms of the Z2 action
the Poincaré polynomial of the product is (1 + ε · t)4 · (1 + (1 + ε) · t2 + t4) where
ε2 = 1. Note that we write both, the polynomial of A as well as F22 depending on
the group action. The invariant part of this action has the following polynomial.
C(t):=1+7*t^2+4*t^3+8*t^4+4*t^5+7*t^6+t^8;
And finally the Poincaré polynomial of A3/S4 which we calculate by looking at the
invariants of the respective representation, as in [FH91, Part I]:
Q(t):=1+6*t^2+4*t^3+22*t^4+24*t^5+62*t^6+
24*t^7+22*t^8+4*t^9+6*t^10+t^12;
Now we compute virtual Poincaré polynomials of strata of Y and X, denoted by R
and S, respectively. The first are the fixed points.
R4(t):=4^4; S4(t):=R4(t)*F4(t);
Next, take an element of S4 whose decomposition consists of two cycles of length
two, for example σ = (01)(23). Its fixed point set is given by equations e0 = e1,
e2 = e3, e0 + · · ·+ e3 = 0, hence 2 · (e0 + e2) = 0 which makes 16 copies of A. The
group W (22)) ' Z2 acts on each of the components by involution, we use 5.1.
R22(t):=16*B(t)-R4(t); S22(t):=16*C(t)-R4(t)*(1+t^2+t^4);
The next one is easy, as W (3, 1) is trivial.
R31(t):=A(t)-R4(t); S31(t):=R31(t)*F31(t);
The fixed point set of σ = (01) contains both, the fixed point set of (01)(23) and
of (012), the former one consists of 16 copies of A and is the fixed point set of the
action of W (2, 1, 1) ' Z2, because (01)(23) is contained in the normalizer of (01).
Note that the action of W (2, 1, 1) on F (2, 1, 1) is trivial.
R211(t):=A(t)*(B(t)-16)-R31(t); S211(t):=R211(t)*F211(t);
Finally, we write down the general stratum and the Poincaré polynomial of the
resolution.
R1111(t):=Q(t)-(R211(t)+R31(t)+R22(t)+R4(t));
S1111(t):=R1111(t); P(t):=S1111(t)+S211(t)+S31(t)+S22(t)+S4(t).
All together these prove the following:

Proposition 5.2. The Poincaré polynomial of the Beauville’s generalized Kum-
mer variety, which is given by a crepant resolution of A3/S4, where A is a two
dimensional torus, is :

t12 + 7 t10 + 8 t9 + 51 t8 + 56 t7 + 458 t6 + 56 t5 + 51 t4 + 8 t3 + 7 t2 + 1
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6. Building upon a 4-dimensional abelian manifold.

In this section we consider 4-dimensional abelian varieties, A, with the action of
a finite group G. However we will prescribe the action of G only on the complex
cohomolgy H1(A,C). In other words we fix the complex representation ρC : G →
SL(a) and we do not require that it comes from an integral representation ρZ.
Moreover we will take the three groups in the theorem 2.7 which have a four di-
mensional complex representation of type V ⊕ V ∗; by the theorem there exists a
local symplectic resolution of V ⊕ V ∗/G and in the first two cases if A = S × S,
where S is an abelian surface, also a global one (see the end of section 2.3).
Our main tools in this section are the semismallness property of symplectic resolu-
tion, namely 2.5, and the Lefschetz fixed point formula, namely 2.1.

6.1. The Binary Tetrahedral Group.

Theorem 6.1. Let G = Q8 o Z3 be the binary tetrahedral group acting on a 4-
dimensional complex torus A such that its action on the complex cohomology group
H1(A,C) is equivalent to the representations S1⊕S2, as in 2.7. Then the quotient
A/G does not admit a (global) symplectic resolution.

Proof. We will use the description of G and its representation given in [LS08], see
also 2.1.
The following are the non trivial subgroups of T : T > Mi > Hi for i = 1, ..., 4,
where Hi are the 4 conjugate 3-Sylow subgroups and Mj = 〈−1, Hi〉 are four
conjugate subgroups of order 6; Q8 > Lj where Lj are 3 conjugate subgroups of
order 4 generated respectively by I, J,K. Moreover it has a nontrivial center equal
to 〈−1〉 contained in Mi and in Lj Note that any two of the groups Mj generate G
and 〈−1〉 is contained in any non-trivial subgroup of G of order different from 3.
The element −1 acts on H1(A,C) as the diagonal matrix with all eigenvalue −1
while a generator of Ki acts on H1(A,C) as the diagonal matrix with eigenvalues
{−1,−1, e6, e

5
6}, where e6 is a 6-th primitive root of unity. This implies, in particu-

lar, that fixed points of −1, as well as of of Kj , are isolated; by the Lefschetz fixed
point formula, 2.1, we get that there are 28 and, respectively, 24 of them.
For each j the set Fix(Mj) is clearly contained in Fix(−1). We claim that, if A/G
admits a symplectic resolution, then Fix(−1) is the union of Fix(Mj). Indeed,
isolated quotient symplectic singularities have no crepant resolution in dimension
> 2, see (2.5); so any point of Fix(−1) must be contained in Fix(Hi) for some i,
since the groups Hi are the only subgroups not containing −1 (and therefore they
are the only ones whose fixed points sets are not contained in Fix(−1)).
Therefore, if A/G admits a symplectic resolution then we can write Fix(−1) as a
disjoint union of four copies of (Fix(Mj) \ Fix(G)) and of Fix(G) (note that any
two Fix(Mj) intersect along Fix(G)).
Thus, if s is the cardinality of Fix(G), we get the following equality

28 = |Fix(−1)| = 4(|Fix(Mj)| − s) + s = 4(24)− 3s = 26 − 3s

which is a contradiction. �

6.2. The Dihedral group of order 6.

Theorem 6.2. Let G = D6 = S3 be acting on a 4-dimensional complex torus A
so that its representation on the complex cohomology is the sum of two copies of
the standard representation. Suppose that the quotient of the action A/G admits a
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symplectic resolution of singularities, X → A/G. Then the complex cohomology of
X is uniquely determined, that is the Poincaré polynomial is as follows:

PX = 1 + 7t2 + 8t3 + 108t4 + 8t5 + 7t6 + t8.

Remark 6.3. In section 5 we have explained how to compute PX(t) when X is the
resolution of (A2)n/Sn+1, A2 being a 2-dimensional abelian variety; moreover we
have done all the computations for the case S4. One can compute the case of S3

in this way and it will turn out the same formula. So even if one can construct a
different resolution of A/G, this resolution will have the same cohomological type
of the 4-dimensional case of Beauville’s serie.

Proof. The structure of conjugacy classes of subgroups of D6 is very simple, namely
there are two proper non-trivial classes of the normal subgroup Z3 and of three Z2

subgroups. By Lefschetz fixed-point formula, 2.1, a generator of Z3 have 81 isolated
fixed points, which by the lemma 2.5, are fixed points of the whole group. On the
other hand any order two element t acts with fixed point being a union of, say
m, abelian surfaces. Since their Weyl group is trivial the formula in 3.9 yields the
following result

PX = 1 + (6 +m)t2 + (4 + 4m)t3 + (102 + 6m)t4 + (4 + 4m)t5 + (6 +m)t6 + t8.

We have only to prove that m=1. The argument we use is similar to the one used
at the end of 4.2.
Note that all components of Fix(t) are numerically equivalent and Fix(t)0 is a
subgroup of A. This is because the action of t is algebraic and they are fibers of
the map A → A/Fix(t)0 (where Fix(t)0 denotes the zero component of Fix(t)).
The action of t descends to the two dimensional torus A/Fix(t)0 as an involution
with 16 fixed points of order two. Fix(t) is a subgroup of A and it descends to a
subgroup of the group of points of order 2 in A/Fix(t)0, hence m is a power of 2.
On the other hand, let us take another involution t′ in D6 then Fix(D6) = Fix(t)∩
Fix(t′) and since they intersect tranversaly we get

81 = |Fix(D6)| = m(Fix(t)0) ·m(Fix(t′)0).

Thus m is also a power of 3; all this implies that m = 1. �

6.3. The Dihedral group of order 8.

Theorem 6.4. Let G = D8 = (Z2
2)oZ2 be acting on a 4-dimensional complex torus

A so that its representation on the complex cohomology is the sum of two copies of
the standard representation of D8 as motions of a square. Suppose that the quotient
of the action A/G admits a symplectic resolution of singularities, X → A/G. Then
the complex cohomology of X is uniquely determined, that is the Poincaré polynomial
is as follows:

PX(t) = t8 + 23t6 + 276t4 + 23t2 + 1.

Remark 6.5. Similarly to the previous case note that if A = S × S, with S an
abelian surface, the symplectic resolution exists, see 2.3. The PX(t) we obtain is
therefore the Poincaré polynomial of this manifold, other possible resolutions will
have the same polynomial.

Proof. Let us recall some trivial fact regarding the standard representation of D8

and its conjugacy classes. The center of the group consists of 〈−1〉. There are two
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conjugate elements of order 4, namely ±
(

0 1
−1 0

)
, and two classes of elements

of order 2, namely ±A := ±
(

1 0
0 −1

)
and ±B := ±

(
0 1
1 0

)
.

From Lefschetz fixed point formula, 2.1, we compute that the order 4 elements
have 24 = 16 fixed points, which, by the above lemma 2.5 are the fixed points of
the whole group; on the other hand −I has 28 = 256 fixed points, including the
previous 24. The other elements of order two have fixed points set being union of
abelian surfaces; let us assume that Fix(±A) has a components and Fix(±B) has
b components.
Again, by the lemma 2.5 the points Fix(−I)\Fix(G) are divided among Fix(±A)
and Fix(±B). On the other hand the normalizer of each of the order 2 element
(different from −I) is a group generated by the element itself and −I. Therefore the
Weyl group acts on each 2-dimensional component of such an element by involution,
with 16 points fixed. Thus we can count the points in the quotient whose isotropy
group is non-cyclic and different from the whole groupG to get the following identity
|Fix(−I)| − |Fix(G)| = (a+ b) · 16− 2 · |FixG|, hence a+ b = 17.
On the other hand, as in the proof of the previuos theorem, the numbers a and b
are powers of 2, therefore a = 1 and b = 16 (up to choice of the conjugacy classes).
Note that, as in the proof of the previous theorem, we could compute the intersec-
tion of the connected components of each of the fixed point sets for both conjugacy
classes. For instance we get ab · Fix(A)0 · Fix(B)0 = |Fix(G)| = 16, hence the
intersection is equal to 1.
Let us then compute the cohomology: the Poincare polynomial of the 4-dimensional
stratum, X([1]), is

(1 + 6t2 + 22t4 + 6t6 + t8)− 17(1 + 6t2 + t4 − 16)− 136;

the polynomial of the 3 -dimensional strata is

17(1 + 6t2 + t4 − 16)(1 + t2)

and the one of the 2-dimensional strata is

120(1 + 2t2 + t4) + 16(1 + 2t2 + 2t4).

The Poincaré polynomial of X is therefore

(1+6t2 +22t4 +6t6 + t8)−17(1+6t2 + t4−16)−136+17(1+6t2 + t4−16)(1+ t2)+

120(1 + 2t2 + t4) + 16(1 + 2t2 + 2t4)

which, after the simplification, becomes

t8 + 23t6 + 276t4 + 23t2 + 1

�
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[Göt93] Lothar Göttsche. Hilbertschemata nulldimensionaler Unterschemata glatter Va-
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