Lifting of extremal rays of the Mori cone from an ample section

Marco Andreatta and Gianluca Occhetta

Abstract

Let E be an ample vector bundle of rank r on a complex projective manifold X such that there exists a section s ∈ Γ(E) whose zero locus Z = (s = 0) is a smooth submanifold of the expected dimension dim X − r := n − r. We study the problem of lifting birational contractions of Z to the ambient variety, proving an extension property for blow-ups and we apply our results to classify X as above such that Z is a P-bundle on a surface with nonnegative Kodaira dimension.

1 Introduction

Let X be a smooth complex projective variety of dimension n and E an ample vector bundle of rank r on X such that there exists a section s ∈ Γ(E) whose zero locus Z = (s = 0) is a smooth submanifold of the expected dimension dim Z = dim X − r = n − r.

A classical and natural problem is to ascend the geometric properties of Z to get informations on the geometry of X; for an account of the results in case r = 1, i.e. when Z is an ample divisor see [5, Chapter 5]. In [1] we considered the problem from the point of view of Mori theory, posing the following question. Assume that Z is not minimal, i.e. Z has at least one extremal ray in the negative part of the Mori cone and an associated extremal contraction, and that dim Z ≥ 2 (if dim Z = 1 then Z ≃ P^1 and this case is treated in [12], where first the problem of special sections of an ample vector bundle was studied); does this ray (or the associated contraction) determine a ray (or a contraction) in X and if so, does this new ray determine the structure of X?

We prove that there is always an extremal face F_Z of Z that determines an extremal face F_X of X (we say that the face is liftable to X); this is the context of Theorem 3.2 and Corollary 3.3, which slightly generalize results in section 3 of [1].

2000 Mathematics Subject Classification: Primary 14E30, 14J40; Secondary 14F05. Key words and phrases: Vector bundle, extremal ray, Fano-Mori contraction. 1

Note that, a priori, the liftability of a face does not imply the liftability of the contraction; namely the contraction associated to F_X on X restricted to Z is not necessarily the contraction associated to F_Z (see remark 3.4). If this is the case we say that the face is c-liftable. If F_Z corresponds to a fiber type contraction on Z, then F_Z is c-liftable and the contraction of the face F_X in X is again a fiber type contraction [1, 3.12 and 3.13].

In this paper we study the liftability problems for birational contractions: a general result is given in 3.7, then we prove an extension property for blow-ups, namely:

Theorem 1.1 Let X, E and Z be as above Let R_Z be an extremal ray on Z, whose associated contraction φ : Z → Z^′ is the blow-up of a smooth subvariety C of codimension m ≥ 3.

Then, if R_Z is liftable to R_X then it is c-liftable; moreover, if ϕ : X → X^′ is the contraction associated to R_X then X^′ is smooth, Z^′ is isomorphic to a subvariety of X^′, and ϕ is the blow-up of C.

A straightforward corollary of this theorem is the following

Corollary 1.2 Let X, E and Z be as above and assume also that φ : Z → Z^′ is the blow-up of a smooth minimal variety (K_Z′ is nef) along a smooth subvariety of codimension m ≥ 3. Then X is the blow-up of a smooth variety X^′ along a smooth subvariety of codimension m + r.

Another nice application is the following:

Proposition 1.3 Let X, E and Z be as above and assume also that Z is the blow-up of a projective space P^{n−r} along a linear space Y of codimension m ≥ 3; then X is a projective bundle on P^{m−1} and E_f ≃ ⊕^rO(1) for every fiber of the bundle projection.

We finally apply our results to prove the following

Theorem 1.4 Let X, E and Z be as above and assume also that Z is a P^dbundle on a surface of nonnegative Kodaira dimension. Then X is a P^{r+d}- bundle on S.

In the case r = 1 the theorem, together with previous existing results, completes the proof of a long lasting general conjecture by A. Sommese for n = 4, see [5, Conjecture 5.5.1]; the same theorem was proved in a different way (only for the case r = 1 and n = 4) recently in [14].

2 Notations and preliminaries

We use the standard notation from algebraic geometry, in particular it is compatible with that of [9] and of [10]. This paper is a sort of sequel of [1] to which we refer constantly for the general set-up and definitions.

The following lemma is probably well known but we will provide anyway a proof for the interested reader, since we did not find a good reference for it.

Lemma 2.1 Let φ : X → X^′ be the blow-up of a smooth variety along a smooth subvariety Y ⊂ X^′ with exceptional divisor E(φ) and E a rank r vector bundle on X. Assume that E_F ≃ ⊕^rO_P(1) for every fiber of φ. Then there exists a rank r vector bundle E^′ on X^′ such that E ⊗ E(φ) = φ^∗E^′. Proof. The vector bundle Ẽ := E ⊗ E(φ) is trivial along any fiber of φ.

We have to prove that f_∗(Ẽ) =: E^′ is a locally free sheaf of rank r. This is a local question at any point y ∈ Y , and we can apply the Theorem on Formal Functions, see [8, Theorem III.11.1], which says that

f_∗(Ẽ)_y = lim←− H^0(F_n, Ẽ_n)

(with F_n = X ×_Y Spec(O_y/m^n_y )).

Ẽ is trivial on F = φ−1(z), that is there are r linearly independent non zero sections of Ẽ_{|F} = F × C^r ; the same proof of Castelnuovo criterion for blowup, as for instance in [4, Proposition 2.4] or [8, Theorem V.5.7], gives that the sections actually extend to r non zero and linearly independent sections of the lim←− H^0(F_n, Ẽ_n) (i.e. they extend in a formal neighborhood of F ). This gives that f_∗(Ẽ)_y is locally free of rank r. □

In the set-up of the previous lemma, it is useful to find conditions which ensure the ampleness of E^′:

Lemma 2.2 In the same assumptions of the previous lemma if E is ample and Y is a point then also E^′ is ample; the same is true if E is ample and there exists a surjection N^∗_Y → −L → 0 with L nef.

Proof. The first part has been proved in [13, Lemma 5.1]. To prove the second part we will apply [6, Lemma 5.7]; let E = P(N^∗_Y ) be the exceptional divisor of φ and consider the following diagram:

P(E^′) P(φ^∗E^′)

X^′ X

p_1

~^φ

p φ where ~φ is the blow-up of P(E^′) along p_1^{−1}(Y ). Let ξ_E ′ be the tautological line bundle of P(E^′); we have

~φ^∗ξ_E ′ = ξ_φ∗_E ′ = ξ_{E⊗O(E)} = ξ_E + p^∗E so that ~φ^∗ξ_E ′ − p^∗E = ξ_E is ample on P(φ^∗E^′) = P(E).

Moreover ξ_E ′ is ample on p_1^{−1}(Y ). In fact, let Y^′ ⊂ E be the section corresponding to the surjection N^∗_Y → −L → 0; Y^′ is mapped isomorphically onto Y by φ and E_Y ′ = L_Y ′ , hence we have (E ⊗ L)_{|Y} ′ = (E ⊗ E)_{|Y} ′ = φ^∗E^′_{|Y} ′ = E^′_{|Y} and E^′ is ample on Y .

We can thus apply the quoted lemma to get the ampleness of ξ_E ′ .

3 Lifting of birational contractions

3.1 Assumptions: Let X, E and Z be as in the introduction, with dimZ ≥ 2.

This section is dedicated to improve some general results in [1]; we start with a refinement of [1, Theorem 3.4]:

Theorem 3.2 (Lifting of extremal faces) Assume that Z is not minimal in the sense of Mori theory, i.e. K_Z is not nef. Let F_Z be an extremal face of Z, D_Z = (K_Z + τH_Z ) a good supporting Q-Cartier divisor of F_Z and H the line bundle on X which restricts to H_Z .

If H is ample on X the Q-divisor D = K_X + detE + τH is nef but not ample and defines an extremal face F_X of X.

Moreover, if dim Z ≥ 3, under the identification N_1(Z) ≃ N_1(X), F_X coincides with F_Z . In this situation we will say that the face F_Z is liftable to F_X .

Proof. The first part of the theorem has been proved in [1, Theorem 3.4], so we have to prove only the last assertion.

Since, under the identification N_1(Z) ≃ N_1(X) we have NE(Z) ⊂ NE(X) and NE(Z)_{K<0} ⊂ NE(X)_{K<0} to prove our claim it is enough to show that, for every extremal ray R_X in the face F_X , there is a curve in R_X lying on Z. Let R_X be an extremal ray of F_X and φ_R : X → T the associated extremal contraction; since the contraction of F_X is supported by K_X + detE + τH, this divisor is zero on the curves in R_X , yielding l(R_X ) ≥ r + τ; if the contraction is birational, then, for a non trivial fiber F , dim F ≥ r + τ, hence dim F ≥ r + 1 and we are done by [1, Proposition 2.18].

In the same way we get our result if the contraction is of fiber type and has a fiber of dimension r + 1; so we are left with the case of an equidimensional fiber type contraction with r-dimensional fibers; note that in this case, the φ_R-ample line bundle H has intersection number one with the extremal rational curve generating the ray by [1, Proposition 2.7], so that, letting H^′ = H + φ^∗_RA, with A ample on T , the divisor K_X + (r + 1)H^′ is a good supporting divisor for φ_R, which, by [7, 2.12] is thus a P-bundle contraction.

As in the proof of the first part of [1, Theorem 3.4], we get that Z is a regular section of this bundle, a contradiction with the Lefschetz theorem for ample vector bundles. □

Corollary 3.3 Let X, E and Z be as in 3.1; then there exists at least one extremal face F_Z which is liftable to X; moreover, if dim Z ≥ 3 or, more generally, if Pic(X) ≃ Pic(Z) we can take F_Z to be an extremal ray.

Proof. Let L be an ample line bundle on X; the restriction of this line bundle to Z, L_Z , is ample on Z, so, if K_Z is not nef there exist a rational number σ > 0 such that K_Z + σL_Z is nef but not ample and it defines an extremal face G_Z .

This face satisfies the assumptions of theorem (3.2) and so it is liftable to an extremal face G_X ; let R_Z be any ray in G_Z and R_X the ray in G_X corresponding to R_Z ; let ψ : X → Y the elementary extremal contraction associated to R_X and A an ample line bundle on Y .

The divisor K_X + detE + σL + ψ^∗A is a good supporting divisor for R_X , and K_Z + σL_Z + (Ψ^∗A)_Z is a good supporting divisor for R_Z , so that R_Z is liftable. □ Remark 3.4 Let us note that, a priori, the fact that an extremal face of NE(Z) is liftable to an extremal face of NE(X) does not imply that the restriction ϕ_Z of the extremal contraction ϕ of F_X coincides with the extremal contraction φ of F_Z ; as explained in [1], we have a commutative diagram

X Z

Y W ϕ i φ ϕ_Z π (3.5)

where π : W → ϕ_Z (Z) is the normalization morphism.

To complete the lifting process, we introduce the following definition:

Definition 3.6 In the above notation, if ϕ_Z = φ we will say that the face F_Z is c-liftable.

Clearly a liftable face is c-liftable if and only if ϕ_Z (Z) is normal, i.e. if π is the identity. In [1] we proved that if F_Z is a face associated to a fiber type contraction then this is the case; now we will deal with birational contractions.

For the rest of the section, we assume that there exists an extremal ray R_Z which is liftable to an extremal ray R_X , such that the contraction of R_Z , φ : Z → W is supported by K_Z + τH_Z and it is birational.

Proposition 3.7 In the above notation, if φ is birational and τ ≥ 1, then ϕ_Z has connected fibers and ϕ is birational, unless τ = 1.

If τ = 1 then ϕ can be of fiber type, in this case ϕ is a scroll contraction and R_Z is c-liftable.

Proof. If τ > 1 then the same proofs of [1, Propositions 3.13, 3.14] apply. If τ = 1 the contraction ϕ is supported by K_X + detE + H, and so its length l(ϕ) is ≥ r + 1.

Supposing that this contraction is of fiber type we have that all its fibers have dimension ≥ r; if the generic fiber has dimension ≥ r + 1 then it has non trivial intersection with Z, and this is impossible as in the proof of [1, Proposition 3.14], so the generic fiber of ϕ is r-dimensional.

Up to twist H with the pull-back of an ample line bundle, we can assume that K_X + (r + 1)H is a good supporting divisor for ϕ which is a scroll contraction (if dim Z < r + 2 then it is a P-bundle). Note that, in this case ϕ_Z (Z) = ϕ(X) is normal and so R_Z is c-liftable.

Example 3.8 Let us note that the last case of the above proposition is effective: let X = P^2 × P^1 and Z be a F_1 surface in the linear system O_{P×P}(1, 1); the contraction of the (−1) curve of Z lifts to the P-bundle contraction onto P^2.

Proposition 3.9 If φ and ϕ are both birational, then E(φ) = E(ϕ) ∩ Z.

Proof. If x ∈ E(φ), then there exists a curve C ⊂ Z which contains x and is contracted by φ; but, on Z, φ and ϕ_Z contract the same curves, therefore x ∈ C is contained in E(ϕ).

On the other hand, if x ∈ E(ϕ) ∩ Z we consider the unsplit family V of deformations of an extremal rational curve contracted by ϕ (see [10, IV.2]). By [10, IV.2.6], dim Locus(V, 0 → x) ≥ r + τ, hence dim(Locus(V, 0 → x) ∩ Z) ≥ 1, so that x lies in a curve contracted by ϕ, and so by φ. □

Remark 3.10 Actually, the proof of the last proposition shows that the fibers of φ are exactly the intersections of the fibers of ϕ with Z.

4 Blow-ups

Proof of theorem 1.1

Let D_Z = K_Z + (m − 1)H_Z be a good supporting divisor of φ : Z^′ → Z, where H_Z is an ample line bundle on Z which restricts to O_P(1) on every fiber of φ. The contraction ϕ is birational and has connected fibers by 3.7; it is equidimensional, since so is φ, has fibers of dimension r + m − 1 and it is supported by D = K_X + detE + (m − 1)H; we can apply [2, Theorem 5.2] to deduce that ϕ : X → X^′ is the blow-up of a smooth subvariety of codimension r + m − 1. Let us point out also that the restriction of E to every fiber of ϕ splits as ⊕^rO_P(1); thus by lemma 2.1, we have that E ⊗ [−E(ϕ)] = ϕ^∗E^′.

Note that, in view of the discussion in remark 3.4, it is enough to prove that ϕ_Z (Z) is smooth and we have to prove it only at points of ϕ_Z (E(φ)); so we consider a local situation: choose a point z ∈ ϕ_Z (E(φ)), an affine neighbourhood U of z in X^′ and consider the restrictions of ϕ and φ to the inverse images of

U; to simplify the notation denote again by X, X^′ and Z the new spaces and by ϕ, ϕ_Z and φ the restricted maps.

In this affine situation and in the notation of the lemma 2.1 we have that E^′ is trivial and in particular E splits as ⊕^rH, where H = −E(ϕ). Let H_i, with i = 1, ..., r be general smooth sections of H and let X_i = ∩_{j=1,...,i}H_j ; note that X_0 = X and that X_r ≃ Z (see [3, Lemma 2.6]). We thus have exact sequences 0 → O_X (D − H) → O_X (D) → O_{X1} (D) → 0

0 → O_{X1} (D − H) → O_{X1} (D) → O_{Xi+1} (D_{X2} ) → 0 . . . 0 → O_{Xr−1} (D − H) → O_{Xr−1} (D) → O_Z (D) → 0 By the Kawamata-Viehveg vanishing theorem we have H^1(X_i, D_{Xi} ) = 0 for every i = 1, . . . r and thus a chain of surjections

H^0(X, D) ↠ H^0(X_1, D_{X1} ) ↠ · · · ↠ H^0(Z, D_Z ).

In particular we have that ϕ_Z = φ and thus ϕ_Z (Z) = φ(Z) = Z^′ is smooth and the theorem is proved. □

Proof of proposition 1.3.

The variety Z has two extremal rays: the blow-down contraction to P^{n−r} and a P-bundle contraction on P^{m−1}; by corollary 3.3 one of these rays lifts to X; if the fiber type ray lifts, then we are done by [1, Corollary 4.2], so we will show that the birational ray cannot lift. Suppose, by contradiction, that this is the case: by theorem 1.1 we have that the ray is c-liftable to a contraction ϕ : X → X^′ which gives a commutative diagram X BlY (P^{n−r})

X^′ P^{n−r}

ϕ

i

φ

i We also know that E_E = ⊕^rO(1); hence there exists a vector bundle E^′ on X^′ such that E = ϕ^∗E^′ ⊗ (−E); this vector bundle is ample, by lemma 2.2, and P^{n−r} is the zero locus of a section of it.

This implies, by [12, Theorem A], that X^′ is a projective space P^n and E^′ decomposes as ⊕^rO_Pn(1), but this contradicts the ampleness of E. □

5 P^d -bundles on surfaces with κ > 0 and their Mori cone

Proposition 5.1 Let p : Z → S be a P^d-bundle over a smooth surface such that κ(S) ≥ 0; assume that Z has an extremal ray R different from the one associated to the P-bundle contraction. Then the associated contraction φ_R is a blow-down φ_R : Z → Z^′ of a divisor E = p^{−1}(C), with C exceptional curve on S, such that E ≃ P^1 × P^d and E_E ≃ O(0, −1).

Moreover, Z^′ has a P^d-bundle structure on S^′, where S^′ is the surface obtained contracting the exceptional curve C on S, and φ_R(E) is a fiber of p^′ : Z^′ → S^′.

Proof. Suppose that Z has an extremal ray, R, different from the bundle contraction; there exists a rational curve C_0 ([C_0] ∈ R) such that −K_Z .C_0 > 0 and p(C_0) is not a point. Let C = p(C_0), let ν : P^1 → C be the normalization of C and consider the fiber product

Z ×_S P^1 Z

P^1 S

ν̄

p̄ p

ν (5.2)

The map p̄ : Z_C := Z×_S P^1 → P^1 is a P-bundle on P^1 and so ρ(Z_C ) = 2; the morphism ν̄ induces a map of spaces of cycles N_1(Z_C ) → N_1(Z) which is an embedding. The Mori cone NE(Z_C ) is contained in the intersection N_1(Z_C ) ∩ NE(Z) and so, since N_1(Z_C ) is a plane in N_1(Z) and passes through two different extremal rays of Z, NE(Z_C ) is contained in the negative part of NE(Z). By [11, Corollary 2.8] −K_{ZC /P}1 is not ample, so there exist an horizontal curve C_1 on Z_C such that −K_{ZC /P}1.C_1 ≤ 0; noting that −K_{ZC /P}1 = ν̄^∗p^∗K_S − ν̄^∗K_Z we get ν̄^∗p^∗K_S .C_1 = −K_{ZC /P}1.C_1 + ν̄^∗K_Z .C_1 ≤ K_Z .ν̄(C_1) < 0

and therefore K_S .φ(ν̄(C_1)) = K_S.C < 0.

Since on S there is only a finite number of curves which have negative intersection with K_S (the (−1)-curves) we deduce that the image of the exceptional locus of R is C, and C is a (−1)-curve.

Moreover, since the fibers of different extremal contractions can meet only in points, we have that all the fibers of φ_R have dimension one; combining these informations we get that φ_R is a divisorial contraction. By [3, Theorem 4.1] φ_R is a smooth blow-down contraction.

The exceptional locus of φ_R, E, is thus p^{−1}(C) and carries two different P-bundle structures, being so forced to be P^1 × P^d; the description of E_E is clear observing that the lines in one ruling are extremal curves for the blow-up, while those in the other ruling are contained in fibers of the bundle projection. Let F be a rank d + 1 vector bundle on S such that Z = P_S(F); the restriction of F to C is, up to twist, ⊕^{d+1}O_P1, so, denoted by σ : S → S^′ the contraction of C, by lemma 2.1 there exists a rank d + 1 vector bundle F^′ on S^′ such that F = σ^∗F^′. Consider the commutative diagram

Z = P(F) Z^′ = P(F^′)

S S^′

p σ̄

p^′

σ The map σ̄ is a good contraction which contracts exactly the curves in R, so it coincides with φ_R. □

6 P^d -bundles on surfaces as ample sections

Proof of theorem 1.4.

By proposition 5.1 the extremal rays of Z are the ray corresponding to the P^d-bundle fibration and, possibly, other rays of birational type, corresponding to blow-downs π : Z → Z_1 which contract P^d × P^1 to Y ≃ P^d. By corollary 3.3, we have that at least one extremal ray of Z is liftable to X; if this ray is the fiber type one, then, by [1, Corollary 4.2] X is a P^{r+d}-bundle on S and we are done.

Suppose now that the ray that is liftable is a birational one; by proposition 5.1 Z_1 has a P^d-bundle structure over a smooth surface S_1, obtained from S contracting a (−1)-curve.

By proposition 3.7 if π lifts to a fiber type contraction, ϕ, then ϕ is a scroll contraction ϕ : X → Z_1. Take a smooth non rational curve B in S_1 which does not meet the exceptional curves of S_1 and consider in X the smooth subvariety U = ϕ^{−1}(p^{′−1}(B)), which has a P^r-bundle structure on p^{−1}(B); Z ∩ U is the zero locus of a section of E_U , and is a P^d-bundle on a non rational curve; hence, by [1, Corollary 4.4] U is a P^{r+d}-bundle on B, a contradiction.

So π lifts to a birational contraction Π : X → X_1 that, by (1.1) is a smooth blow-up of Y_1 ⊂ X_1, such that the restriction of E(Π) to Z is E(π); thus by lemma 2.1 there exists a vector bundle E_1 on X_1 such that

E ⊗ O_X (E) = Π^∗E_1

and moreover, by lemma 2.2, E_1 is ample.

10 M. Andreatta and G. Occhetta

Summing up, we have replaced the starting triple (X, E, Z) with a new triple (X_1, E_1, Z_1) satisfying the assumptions of the theorem and such that ρ(Z_1) = ρ(Z) − 1. Again, one of the extremal contractions of Z_1 has to lift. Since ρ(Z) is finite, at some point of the process we find some triple (X_k, E_k, Z_k) such that the P^d-bundle contraction of Z_k lifts to a P^{r+d}-bundle contraction of X_k and E_{k|F} ≃ ⊕^rO(1) for every fiber of the bundle contraction.

Let Π_k : X_{k−1} → X_k be the last blow-down contraction and let F be the fiber of the P^{r+d}-bundle contraction of X_k which contains Y_k, the center of Π_k (which is F ∩ Z_k ≃ P^d). Let l^′ be a line in F which meets transversally Y_k and let l be its strict transform in X_{k−1}. We have

(E_{k−1})_l ≃ (Π^∗_kE_k)_l ⊗ O(−E_k)_l ≃ (⊕^rO_P1(1)) ⊗ O_P1(−1) ≃ ⊕^rO_P1,

contradicting the ampleness of E_{k−1}. □

References

[1] M. Andreatta and G. Occhetta. Ample vector bundles with sections vanishing on special varieties. Internat. J. Math.,10 (1999), 677–696.

[2] . Special rays in the Mori cone of a projective variety. preprint AG/0010101.

[3] M. Andreatta and J. A. Wiśniewski. A note on nonvanishing and applications.

Duke Math. J., 72 (1993), 739–755.

[4] . A view on contraction of higher dimensional varieties. In Algebraic Geometry – Santa Cruz 1995, volume 62 of Proc. Sympos. Pure Math., pages 153– 183. Amer. Math. Soc., Providence, RI, 1997.

[5] M. Beltrametti and A. J. Sommese. The adjunction theory of complex projective varieties, volume 16 of Exp. Math. de Gruyter, Berlin, 1995.

[6] T. Fujita. On the hyperplane section principle of Lefschetz. Journal of the Math.

Soc. of Japan, 32 (1980), 153–169.

[7] . On polarized manifold whose adjoint bundles are not semipositive.

In Algebraic geometry, Sendai, volume 10 of Adv. Studies in Pure Math., pages 167–178. Kinokuniya-North-Holland, 1987.

[8] R. Hartshorne. Algebraic Geometry, volume 52 of GTM. Springer-Verlag, 1977.

[9] Y. Kawamata, K. Matsuda, and K. Matsuki. Introduction to the minimal model program. In Algebraic geometry, Sendai, volume 10 of Adv. Studies in Pure Math., pages 283–360. Kinokuniya-North-Holland, 1987.

[10] J. Kollár. Rational Curves on Algebraic Varieties, volume 32 of Ergebnisse der Math. Springer Verlag, Berlin Heidelberg New York Tokio, 1996.

[11] J. Kollár, Y. Miyaoka, and S. Mori. Rational connectedness and boundedness of Fano manifolds. J. Diff. Geom., 36 (1992), 765–779.

[12] A. Lanteri and H. Maeda. Ample vector bundles with sections vanishing on projective spaces or quadrics. Internat. J. Math., 6 (1995), 587–600.

Lifting of extremal rays 11

[13] . Geometrically ruled surfaces as zero loci of ample vector bundles.

Forum Math., 9 (1997), 1–15.

[14] E. Sato and Z. Yicai Smooth 4-folds which contain a P^1-bundle as an ample divisor. Manuscripta Math., 101 (2000), 313-323.

Marco Andreatta Dipartimento di Matematica Università degli Studi di Trento Via Sommarive 14 I-38100 Povo (TN), Italy e-mail: andreatt@science.unitn.it Fax: +39-0461-881624

Gianluca Occhetta Dipartimento di Matematica “F. Enriques” Università degli Studi di Milano Via Saldini, 50 I-20133 Milano, Italy e-mail: occhetta@mat.unimi.it