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3) Elements of X-ray diffractions

1) Diffraction: the basic concepts
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Diffraction takes place
1. Mechanical waves
water waves,  sound;

Diffraction is the spreading of waves around obstacles.

What’s Diffraction? 

consequences of diffraction are that sharp shadows are not produced 
and interference patterns appear. 

electron beam

Al-Mn q-crystal

2. very small moving particles
which show wavelike properties
 electrons, neutrons, atoms,

3. with electromagnetic radiation: 
light, X-rays, gamma rays; Light beam

Holes in a cardboard

Be 

X-ray beam
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The phenomenon is the result of interference
i.e., when waves are superimposed, they may reinforce or cancel
each other out

and is most pronounced when the wavelength of the radiation is comparable 
to the linear dimensions of the obstacle.

How is it interpreted ?

Diffraction pattern
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How is diffraction described?

( )trkie ω−⋅
rr

k

Volume element, dV

r1

kout

Diffracted waves

( )trkie ω−⋅ 1
rr

incoming wave interacting with the elementar volume dV

The perturbation of dV on the incoming wave is proportional to ( )dVrf 1

r

DIFFRACTED WAVE by dV  = 
( )trkie ω−⋅ 1

rr

( )dVrf 1

r



G. Dalba, Trento Univ.

How is diffraction described ?

Diffraction pattern=

kout

k r1

Elementary source dr

Active 
sources

… Superimposition theorem

( ) ( ) ( ) rderfkF trki

V

rrr rr
ω−∫=
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The significance of the inverse transform

The principle of the reversibility light paths

Sample

Incident beam

Diffracted waves

Volume element dr



G. Dalba, Trento Univ.

ImageObject
Diffraction
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Diffraction in the back plane of a lens

I

Focal Plane

S2
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f(r) F(k)

Spatial filtering

G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd
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Operation of a lens

Object
Real space

Image

k space

Lens as back Fourier transform analog device

Ligth
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From real to reciprocal space and vice-versa

r space

x

y

z

( )( )rfT

( )kF

K space

kx

ky

kz

( )rf

( )( )kfT 1−

f(r) and F(k) carry the same information expressed in terms of different variables
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Mathematical Fourier-backtransform

…still no lenses for atomic X-rays “microscopy”

Sample

X-rays

X-ray diffractometer

Data collection

Data collection

+

Back-Fourier 
transformation

Back-Fourier transformation

Computer
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Fourier transforms

What it is
When it occours
How it is interpreted matematically and fenomenologically 

How it works
The convolution function
Examples of optical transforms 

2) The Fourier Transform

1) Diffraction: the basic concepts
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Fourier Transforms
Fourier transform of 
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FT of one δ functions

f(x)=δ(x)
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FT of two δ functions

f(x)=δ(x+x0)+δ(x-x0)
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F(k)=2 cos kx0(x)
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FT of N δ functions
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FT of an infinite series of δ function

0x0x−

)x(f

x

The number of the subsidiary peaks is determined by the total number of
   the δ functions in the original array

k

F(k)

0

2

x

π

Summary

 The positions of the main peaks in a FT are determined by the spacing x0 of
   the δ functions in the original array
The higher is the number of the δ functions the narrower is the width of
   the main peak in the FT
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Diffraction by one wide slit
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=

Crystal = Lattice

as a convolution

Crystalline Structure

Base *

*
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Convolution Integral

c(u) is the convolution integral of f(x) e g(x)
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Convolution function
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a theorem about convolution

( ) ( )( ) ( )( ) ( )( )xgTxfTxgxfT ×=∗
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Diffraction by two wide slits
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Two slits diffraction

G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd
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Diffraction by three wide slits
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Hypothetical benzene molecular crystals

G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd
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Traslation and Rotation

Any translation in the real space 
is not observed in the reciprocal 
Space.  

TRANSLATION ROTATION

A rotation in direct space causes 
an identical rotation in reciprocal 
space. 
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Gas and powder patterns

2

Monoatomic gas

1

Reciprocal 
space

Real space

4

Diatomic gas

TRANSLATION

G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd, Plate 16
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G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd, Plate 16

Monoatomic gas

Reciprocal 
space

Real space

ROTATION

Gas and powder patterns

Diatomic gas



G. Dalba, Trento Univ.

How it works
The convolution function
Examples of optical transforms 

Introduction to X-ray diffraction

What it is
When it occours
How it is interpreted matematically and fenomenologically 

2) The Fourier Transform

Diffracton by electrons, atoms, molecules, crystals
Laue equations, Bragg equation, Ewald description
Rotating crystal method, Powder method, Laue method
The temperature effect

3) Elements of X-ray diffraction

1) Diffraction: the basic concepts
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Mathematical Fourier-backtransform

…still no lenses for atomic X-rays “microscopy”

Sample

X-rays

X-ray diffractometer

Data collection

Data collection

+

Back-Fourier 
transformation

Back-Fourier transformation

Computer
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Scattering amplitude of electrons
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X-rays
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Sample = 1 atom

Scattering from an atom

0

20

40

60

80

0 5 10 15 20

f
a (e.u.)
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Diffraction from a molecule

Diatomic molecule

H
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Orientational averaging

constant=
H
r
r

Spatial orientation = random
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The case of CF4 molecules

2

FC 4
F

C

F
F

F

F

λθπ= sin4K (Å-1)

2

MoF

2

FC 4
F

2

FC 4
F

bondFCK −
r

2

FC 4
F

Mo has the same number of electrons of the CF4 molecule
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The atomic structure factor

( )jjj

ab

ab zlykxhi2

j
j

r

rKi efeF ++π∑∑ ==
rr

cellunittheinpositionsfractionalz,y,x jjj =

F is independent on the shape and size of the unit cell.

( ) fefF lkhi == ++ 0002π

All the reflections are
allowed

Simple cubic structure

a

c

b
(000)

One atom per cell located at: (xj, yj,zj) = (0,0,0) 

(a-Polonium)
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The structure factor (fcc)

Face-centered cubic  (Cu structure)

a

c

b

4 atoms per cell located at: 
(xj, yj,zj) =  (000),  (_ _ 0),  (0 _ _),  (_ 0 _)  

( ) ( ) ( )[ ]lkilhikhi efefef1fF +π+π+π +++=

Allowed reflections: the unmixed ones, i.e. (111), (200), (220), …

Forbidden reflections: (100), (110), (311), (210),    

h, k, l all even or all odd (unmixed) _ F=4 f

h, k, l mixed _ F=0
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Linear array of atoms
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Diffraction by a plane array of atoms

Laue conditions:

V
W

C

B

a

bIncident beam

( )
( ) ,...2,1,0coscos

,...2,1,0coscos

0

0

=λ±=β−β

=λ±=α−α

kkb

hha

O

OV, OW diffraction directions
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Diffraction by a 3 dimensional lattice  array of atoms

Laue conditions:

( )
( )
( ) ,...2,1,0coscos

,...2,1,0coscos

,...2,1,0coscos

0

0

0

=λ±=χ−χ

=λ±=β−β

=λ±=α−α

llc

kkb

hha

U V

A

B

W

Ca

b

Oc

The three Laue cones

U V

There will be diffraction only under 
the special condition that the 
directions O-U. O-V and O-W 
are coincident
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Bragg Law

θ=λ sind2n hkl

dhkl

Optical path difference = 2d sin θ

Constructive interference: Optical path difference  = n λ,  n∈N 

θ θ

k0 k



G. Dalba, Trento Univ.

cba

ba
c

cba

ac
b

cba

cb
a rrr

rr
r

rrr

rrr
rrr

rr
r

×⋅

×
=

×⋅

×
=

×⋅

×
= πππ 2*2*,2*

*a
r

a
r

*b
r

*c
r

c
r

b
r

*a
r

a
r *b

r

b
r

Real lattice

Reciprocal lattice

Every real lattice has its own reciprocal lattice 

Reciprocal lattice
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Reciprocal lattice construction and properties
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λ2

π2
0k

Ewald Sphere
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Ewald Sphere
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Rotating crystal method

Quartz crystal rotating
around an axis

θMonochromatic 
primary beam

Diffracted 
beam

Goniometric 
holder

Mono-crystalline
Sample 

Film
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Diffraction of crystalline powders

Powder sample

Monochromatic beam
Diffracted beam

magnification
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4 identical single crystallites 
with the same orientation… …their diffraction patterns overlap

Translations and Rotations of crystallites

40 identical crystallites
randomly oriented

Random orientation of
the 4 crystallites…

…each diffraction pattern rotates
assuming the same orientation of
the corresponding crystallite
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Crystalline powder reciprocal lattice

The reciprocal lattice of a crystalline powder is done by concentric
spheres.

The crystallites are randomly oriented
as well as their reciprocal lattices 
which, however, share a common origin.

The spheres are described by the points 
of the reciprocal lattices as if single
crystallites rotate.

Reciprocal lattice
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Ewald sphere

Ewald sphere for powder diffraction

These spheres intersect the Ewald sphere in a set of 
circles. The diffracted beams generate a set of cones.

Powder reciprocal lattice

Monochromatic
beam



G. Dalba, Trento Univ.

Diffraction cones

λ

Photographic film
λ

Powder sample

Transmitted beam

Primary beam

Photographic film

The powder method
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a

b

200

110

110

200

Diffraction Pattern of a fcc lattice

200

400 222

311

220

200

111 111

h k l  all odds or all  o all even

All the diffraction patterns relative to the crystalline planes containing atoms in the
lattice points are present; i.e the planes 220 but not the 110.

Ahead reflection Back reflection

°= 0è °= 90è
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222 lkhda hkl ++=

222 lkhda hkl ++=

nm.da hkl 2940001 =++=
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002 ++= hklda
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θλ sindhkl =θ2

λ=0.229 nm
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°= 8452 .θ
°= 7842 .θ
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100 110 111100110
111

200200 210 211 211 210

Lattice parameter calculation
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Bragg Brentano diffractometer

Soller Slits

Soller Slits

Line focus

Sample
Slit

Slit

Slit
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Laue Apparatus

è2

Photographic
film

Photographic
film

CrystalsWhite 
primary 
beam

Diffracted beams
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Cmax

min2 λ

Cmin

Planes satisfying the Bragg condition

All reciprocal lattice points belonging to the greater sphere and 
not belonging to the smaller sphere satisfy the Bragg condition.

0
Origin of the 
reciprocal lattice

Polychromatic
Primary beam

max2 λ

Reciprocal 
space
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Laue immages

Pellicola 
fotografica

Cristallo

Fascio
incidente

Naftalina minerale

Back-reflection mode

BeThe Laue cones intersect the photographic film in ellipses

Diffracted beams

Photographic film

Crystal

Polychromatic 
Incident beam

Transmission mode
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Temperature effect

The increase of temperature has 3 effects:

The plane spacing d changesThe unit cell expands 2 θ positions change1

2 The intensities of the diffraction lines decrease

3 The intensity of the background scattering between lines increases

0≥T0=T
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Temperature effect

0 90 180

I

T=0, no thermal vibrations

2θ 0 90 180

I

T>0, thermal vibrations

Temperature 
diffuse 
scattering

2θ

Hypotetivcal pattern
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Temperature Factor
K0T >
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Rm

Rm+ um
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The exponential term is called Debye Waller

uK is the component of the atomic displacement parallel to K 
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