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The distributions of interatomic distances of the first four coordination shells of copper and their leading
cumulants have been determined by a path-integral Monte Carlo calculation on a many-body potential model,
in the temperature range of 4–300 K. The asymmetry of the distance distribution, measured by the third
cumulant, is much larger for the first shell than for the outer shells. The mean value of the distance between
neighboring atoms is given for each shell by the first cumulant of the distribution. This allowed us to test a
well-known method of estimating the thermal expansion of each shell from the second and third cumulants of
its distribution. This method gave values smaller by 40% for the first shell and much smaller for all outer
shells.
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One of the most interesting applications of extended
x-ray-absorption fine structure �EXAFS� spectroscopy1 is the
investigation of local structural and dynamical properties of
crystals, which are different from the average properties
probed by diffraction techniques. It has recently been shown
that one can experimentally detect the difference between the
thermal expansions of the interatomic distances measured by
EXAFS and by Bragg diffraction.2,3 From this difference,
original information can be obtained on local lattice dynam-
ics, useful to study phase transitions and the origin of nega-
tive thermal expansion in some classes of crystalline
structures.4,5 These findings once again stress the relevance
of a deeper understanding of the effects of atomic thermal
motion on EXAFS spectra.1 In this regard, a still controver-
sial issue concerns the relation between the thermal expan-
sion of interatomic distances and the asymmetry of the cor-
responding distributions.3,6

An EXAFS experiment samples a one-dimensional distri-
bution of distances, which is the sum of the contributions of
the different single-scattering �SS� and multiple-scattering
�MS� paths originating from and terminating at the absorber
atom. SS paths correspond to the coordination shells. For
moderate disorder, the distribution of distances of each path
can be parameterized in terms of its leading cumulants, the
first three cumulants representing the average value, vari-
ance, and asymmetry of the distribution.3,7 The connection
between second cumulant and parallel mean square relative
displacement �MSRD� in SS paths was established quite
early.8 More recently, the experimental detection of the dif-
ference between EXAFS and diffraction thermal expansions
has led to the evaluation of the SS perpendicular MSRD.2

No general agreement has been reached as yet on the
relation between thermal expansion, measured by the first
cumulant, and asymmetry of the distribution of interatomic
distances, measured by the third cumulant. For two-atomic
molecules, the EXAFS cumulants can actually be expressed
as a function of the force constants of the one-dimensional
interaction potential,9,10 and the knowledge of the second and
third cumulants is sufficient to recover the thermal expan-
sion. For many-atomic systems, the EXAFS cumulants can
be connected by the same analytical relations to the force

constants of a one-dimensional effective pair potential.11

While some authors believe that the thermal expansion can
be evaluated from the second and third cumulants even in
many-atomic systems,6,9 others claim that a rigid shift of the
distance distribution can add a significant contribution to the
thermal expansion.3,12,13 The controversy is related to the
connection between the crystal potential and the resulting
thermodynamic properties, on one hand, and the effective
pair potentials corresponding to the distance distributions of
different coordination shells, on the other hand.

A method for calculating EXAFS cumulants from the
force constants of the crystal potential, based on first prin-
ciples perturbation theory, was proposed by Fujikawa and
Miyanaga14 and mainly applied to one-dimensional
systems,15 although some attempts have been done also for
fcc crystals.16 Promising results on three-dimensional sys-
tems have been obtained by path-integral techniques, based
on the use of effective potentials17 or on Monte Carlo
sampling.18 A widespread phenomenological approach con-
sists in approximating the thermal behavior of each scatter-
ing path by an anharmonic one-dimensional Einstein
model9,10 and in expressing the EXAFS cumulants as a func-
tion of the force constants of the effective anharmonic Ein-
stein potential. The first-shell effective pair potential of cop-
per has been evaluated by Hung and Rehr19 in terms of the
Morse interaction potential, and more recently by Vila et al.6

from ab initio calculations.
Accurate experiments on simple systems, such as copper

and germanium, have shown that the temperature depen-
dences of both second and third cumulants of the first coor-
dination shell are in good agreement with the behavior ex-
pected for a constant-shape effective potential within the
framework of a statistical quantum perturbation approach.2,3

The thermal variation of the first cumulant seems, however,
to depend, for the first shell, not only on the asymmetry of
the distribution but also on the shift of its maximum when
the temperature is varied, corresponding to a rigid shift of the
effective pair potential.

Additional information could in principle be obtained
from the study of farther coordination shells. However, the
extension of an accurate cumulant analysis of experimental
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data beyond the first shell has been up to now severely lim-
ited by MS effects, which require an exceedingly large num-
ber of parameters to be fitted to experimental data. As a
matter of fact, in a recent study of copper, extended up to the
fourth shell, while the parallel MSRDs of the outer shells
could be singled out, no reliable information could be ob-
tained on the thermal expansion and third cumulant of each
one of the outer shells.3

Numerical simulation techniques give the possibility of
extending our understanding beyond the limits of experi-
ment. Classical Monte Carlo simulations of solid krypton20,21

suggest that the outer shells are much less asymmetric than
the first one and the increase in the first cumulant nearly
corresponds for the outer shells to the shift of the maximum
position of the distribution. The behavior of a van der Waals
solid like krypton can however hardly be generalized to other
crystals.

Path-integral Monte Carlo22 �PIMC� is particularly ap-
pealing for reproducing EXAFS parameters since it takes
into account both anharmonicity and low-temperature quan-
tum effects. Basically, PIMC consists in sampling the ther-
mal density matrix after it has been transformed into the
convolution of P matrices—each one with effective tempera-
ture P times higher—corresponding to P copies of the sys-
tem, linked together by a harmonic potential. The set of
atomic configurations sampled from the thermal density ma-
trix can be exploited to calculate observable physical quan-
tities by means of configurational averages. PIMC is essen-
tially an exact method in the limit P→�, the reliability of
the results depending only on the validity of the Born–
Oppenheimer approximation and on the quality of the inter-
atomic potential used to model the crystal potential. In a
previous work,18 the effectiveness of PIMC was verified by
reproducing the cumulants of the first shell of copper.

In this work, PIMC calculations have been done on a
larger simulation box, of 4�4�4 conventional unit cells
�256 atoms� with periodic boundary conditions; as a conse-
quence, the analysis of configurations could be safely ex-
tended up to the fourth shell. The cell parameter was ad-
justed at each temperature according to available
crystallographic data.23 A set of temperatures ranging from
4 to 300 K was explored. A many-body potential of the tight-
binding family in second-moment approximation
�SMA-TB�24 was chosen. The total energy is a sum over all
atoms i of a many-body attractive term,

Eb
i = − ��

j�i

�2e−2q�rij/r0−1��1/2
, �1�

and a two-body Born-Mayer repulsive term,

Er
i = A�

j�i

e−p�rij/r0−1�. �2�

The potential has already been tested by Cleri and Rosato24

and by Bryan Edwards et al.;25 in both cases, the parameters
A, �, p, and q were fitted to experimental values of cohesive
energy, lattice parameter, and elastic constants. A good repro-
duction of phonon dispersion curves and atomic mean square
displacements �MSDs� was obtained by Cleri and Rosato.24

Edwards et al.25 calculated the high temperature EXAFS cu-

mulants of copper by molecular dynamics simulations. In
Ref. 18, the relevance of a many-body term such as Eq. �1�
for reproducing the third EXAFS cumulant was stressed, by
comparison to a simple pair potential.

The distributions of interatomic distances of the first four
shells, calculated from the configurations generated by PIMC
�Fig. 1�, can be neatly singled out at all the considered
temperatures. For each shell, the first three cumulants Ci

�

�i=1,2 ,3� have been calculated as �r�, ��r− �r��2�, and
��r− �r��3� and the mode of the distribution, rmax, has been
evaluated by a polynomial fit around the maximum position.
Additionally, the parallel and perpendicular MSRDs, ��u�

2�
and ��u�

2 �, respectively, have been calculated by projecting
the atomic displacements from the equilibrium positions
along the interatomic distance and within the perpendicular
plane, respectively.

The relative bond expansions �C1
� /C1

� measured by the
first EXAFS cumulants are shown in Fig. 2, left panel, and
compared with the experimental values for the first shell3 and
with the relative expansion �a /a of the lattice parameter.23

Here, �C1
�=C1

��T�−C1
��4 K� and �a=a�T�−a�4 K�. The dif-

ference between the average distance measured by EXAFS,
�r�= �	r2−r1	�, and the distance between average positions,
Rc= 	�r2�− �r1�	, is due to the effect of vibrations perpendicu-
lar to the bond directions, according to3
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FIG. 2. Relative bond expansions �C1
� /C1

� �left panel� and third
cumulants �right panel� calculated by PIMC for the first �open tri-
angles�, second �squares�, third �circles�, and fourth �diamonds� co-
ordination shells; the dashed lines are guides to eye. The solid tri-
angles are the first-shell experimental results from Ref. 3. The solid
line is the relative expansion �a /a of the lattice parameter
�Ref. 23�.
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FIG. 1. Radial distribution functions calculated at all considered
temperatures from 4 to 300 K.
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�r� = Rc + ��u�
2 �/2Rc. �3�

For each coordination shell, the perpendicular MSRDs
��u�

2 � obtained by inverting Eq. �3� are in very good agree-
ment with the values evaluated from the projection of atomic
displacements. The parallel MSRDs ��u�

2�, evaluated from
the projection of atomic displacements, are in excellent
agreement with the second cumulant. The agreement repre-
sents a self-consistency check of PIMC calculations.

Parallel and perpendicular MSRDs are shown in Fig. 3,
and the temperatures of the best-fitting correlated Debye
models8,26 are listed in Table I. The Debye temperature is
slightly smaller for the second shell than for the other shells,
indicating a weaker correlation, in agreement with lattice dy-
namical calculations for other fcc crystals.27 The Debye tem-
peratures best fitting the perpendicular MSRDs calculated by
PIMC are very similar for the different shells, the exception
being now the first shell, where again the smaller value in-
dicates a weaker correlation. The agreement between theory
and experiment for the parallel MSRDs can be evaluated by
visual inspection for the first shell �Fig. 3� and by comparing
the best-fitting Debye temperatures for all the four shells
�Table I�.

The values of the third cumulants C3
� for the first four

coordination shells of copper, calculated by PIMC, are
shown in Fig. 2, right panel. The values for the first shell are
positive and in reasonable agreement with the experimental
values in Ref. 3. The third cumulant values of the outer
shells, calculated by PIMC, are significantly smaller than
those of the first shell, the second shell values being even
negative.

The asymmetry of a distribution is measured by the skew-
ness parameter �=C3

� / �C2
��3/2. The values of � at 300 K are

listed in Table I. The first-shell distribution is much more
asymmetric than the distributions of the outer shells because
it is characterized by a larger third cumulant and a smaller
second cumulant. Actually, the effective pair potential does
not correspond to the bare pair potential; it results from a
thermal average of all the interactions, for a given shell,
within the crystal, and one can reasonably expect that this

effect is different for different coordination shells. An ap-
proximate calculation for fcc crystals, based on interatomic
Morse potentials, has recently shown that the first-shell ef-
fective pair potential is less anharmonic than the bare Morse
potential;19,28 the present results suggest that the anharmonic-
ity is still weaker for the effective pair potentials of the outer
shells.

The different behaviors found for the third cumulants of
different coordination shells stimulate a deeper investigation
of their relation with thermal expansion. The thermal expan-
sion of the average interatomic distance �r� is measured by
the temperature variation �C1

� of the first EXAFS cumulant.
For a two-atomic system, the thermal expansion is solely due
to the anharmonicity of the pair potential, i.e., to the asym-
metry of the distribution, and can be indifferently evaluated
from the first cumulant as �C1

�, or from the second and third
cumulants, within the first order quantum perturbation ap-
proximation, as b=−3k3C2

� /k� �Ref. 9, where a corresponds
to our b�. For a crystal, the effective EXAFS pair potential
can be temperature dependent, and the bond thermal expan-
sion �C1

� can also depend on a shift of the minimum of the
effective pair potential, corresponding to a shift of the maxi-
mum of the distribution of distances.

TABLE I. Debye temperatures best fitting the experimental
�Ref. 3� and calculated parallel MSRD 	� and the calculated perpen-
dicular MSRD 	�. Skewness parameters �=C3

� / �C2
��3/2 at 300 K.

Shell First Second Third Fourth

	� �K� Expt. 328.5 291.0 322.5 322.0

PIMC 324.2 291.6 316.4 320.9

	� �K� PIMC 276.7 296.9 295.4 295.6

� �at 300 K� PIMC 0.24 −0.03 0.03 0.06
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FIG. 4. Comparison between the thermal expansions measured
by the first EXAFS cumulants �solid circles�, the shifts of the maxi-
mum of the distributions of distances �open circles�, and the contri-
butions due to the asymmetry of the distributions �triangles�.
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FIG. 3. Parallel MSRDs ��u�
2� �left panel� and perpendicular

MSRDs divided by two, ��u�
2 � /2, for the first �triangles�, second

�squares�, third �circles�, and fourth �diamonds� coordination shells.
The dashed lines are guides to eye. The solid triangles are the ex-
perimental first-shell parallel MSRDs from Ref. 3.
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PIMC results give a powerful insight on this point. In Fig.
4, the temperature dependence �C1

�=��r� of the first cumu-
lant is compared to the shift of the maximum of the distri-
bution �that corresponds to the minimum of the effective pair
potential� and with the contribution �b due to the distribution
asymmetry for the first four coordination shells. For the first
shell, the contribution due to asymmetry prevails and is con-
nected to the relatively high values of the third cumulant; the
shift of the maximum of the distribution, however, is not
negligible. For the outer shells, the contribution due to asym-
metry is much weaker, and the expansion �C1

� is nearly com-
pletely accounted for by the shift of the maximum of the
distribution.

In conclusion, the results of PIMC calculations are self-
consistent and in agreement with the available experimental
data, i.e., first three cumulants of the first shell and the sec-
ond cumulants of the outer shells. Original information has
been obtained on interatomic distances and thermal expan-

sion. It is clearly shown that the bond thermal expansion
depends on both the asymmetry and the shift of the distance
distribution, and this dependence is different for different
coordination shells. Correspondingly, the temperature depen-
dence of the minimum of the effective pair potential is not
negligible and is different for different coordination shells.
As a consequence, no simple and general relation can be
established between third cumulant and bond thermal expan-
sion. The bond thermal expansion can only be measured by
the first cumulant. The third cumulant has to be taken into
account in the data analysis to guarantee the accuracy of the
first cumulant values; its relevance, however, is smaller for
the outer shells than for the first shell.
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